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Abstract
We consider correlation functions in one dimensional quantum integrable models related
to the algebra symmetries gl(2|1) and gl(3). Using the algebraic Bethe Ansatz approach we
develop an expansion theorem, which leads to an infinite integral series in the thermodynamic
limit. The series is the generalization of the LeClair-Mussardo series to nested Bethe Ansatz
systems, and it is applicable both to one-point and two-point functions. As an example
we consider the ground state density-density correlator in the Gaudin-Yang model of spin-
1/2 Fermi particles. Explicit formulas are presented in a special large coupling and large
imbalance limit.
September 29, 2020
1 Introduction
Correlation functions in the theory of integrable models have been an object of interest for many
years. The study of them goes back to the pioneering works [1–8]. For non-relativistic systems
the established canonical framework is the Quantum Inverse Scattering Method (QISM) [9–12],
which led to a study of correlation functions in various models such as the Heisenberg spin chains
and the 1D Bose gas, see for example [13–18]. In these models finite temperature [19–25] and
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dynamical correlation functions [26–29] were also derived in recent years. The main strategy of
these works is to embed the local operators of the system into the Yang-Baxter algebra, and to
derive the form factors and correlation functions using Algebraic Bethe Ansatz (ABA) [30].
Different methods have been developed for integrable relativistic Quantum Field Theories. In
these models the form factors are obtained as solutions to the so-called form factor bootstrap pro-
gram [31–34]. Originally the form factor approach was developed to compute two-point functions
at zero temperature, but later it was found that even finite temperature correlations can be ob-
tained with it. A key development was an integral series derived for finite temperature one-point
functions in [35], which is today known as the LeClair-Mussardo (LM) series. The validity of the
LM series for two-point functions was questioned first in [36, 37], and it was pointed out in [38]
that it is not even well defined. Later a well defined prescription for the two-point functions was
found in [39]. Interestingly, in the case of the 1D Bose gas the LM series was discovered already
in the very early works [4, 5], which treated static two-point functions. These early results were
partially forgotten and not discussed in most of the papers dealing with the LM series.
Most of the theoretical work (both on the spin chains and in field theory) focused on ground
state and finite temperature correlations. However, the last 10 years saw tremendous progress
in the field of non-equilibrium dynamics and quantum quenches in particular, and this led to
the study of Generalized Gibbs Ensembles (GGE’s), which arise as steady states in these systems
[40, 41]. It is now generally accepted that in Bethe Ansatz solvable systems the information stored
in a GGE is equivalent to specifying the rapidity distributions of the quasi-particles [42], and this
motivated the study of correlation functions in Bethe states with arbitrary root distributions
[43, 44]. Such studies were further spurred by the development of Generalized Hydrodynamics
(GHD) [45, 46], which describes the large scale transport properties of integrable models. A central
assumption in GHD is the existence of fluid cells such that each cell is described by a space and time
dependent GGE, thus the rapidity distributions can become complicated dynamical functions. An
especially interesting result for dynamical two point functions was derived in [47], using the GHD
and the LM series.
Despite all of the progress described above, most of these works are concerned with models
of one-component gases or spin chains related to gl(2) symmetry. Much less is known about
the correlation functions of spin chains with gl(N) spin symmetry and multi-component gases.
There are partial results for short-range correlation functions in higher rank spin chains [48–50].
Furthermore, form factors of local operators were computed in models related to the algebra
symmetry gl(3) and gl(2|1) in [51–54] using the nested ABA approach. This allowed to treat the
asymptotic behavior of correlation function using form factor expansion [55]. On the other hand,
up to now there have been no results for generic correlation functions at small or intermediate
distances, and it was not known whether some generalization of the LM series exists in the nested
models.
Our goal is to contribute to the solution of these problems. We develop a form factor expansion
in nested Bethe Ansatz systems, which can be applied to one-point and (static) two-point functions
in arbitrary equilibrium ensembles. Thus it can be used both for the ground state, in Gibbs
and Generalized Gibbs Ensembles, but also in non-equilibrium situations where the GHD can be
applied. Our result is the generalization of the LeClair-Mussardo formula to nested non-relativistic
models. We use standard tools and also recent developments of the algebraic Bethe Ansatz to
derive the LM series. We also explain how to compute the so-called symmetric form factors of the
two-point functions, which are the key ingredients of the LM series.
The method is applicable for an arbitrary model related to algebra symmetry gl(2|1) or gl(3).
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We focus on one specific example, namely the 1D spin-1/2 Fermi gas (a.k.a. Gaudin-Yang model,
which is related to the algebra symmetry gl(2|1)). A similar example of the two-component 1D
Bose gas will be considered separately.
The paper is organized as follows. In Section 2 the main results of the paper are described,
omitting the technical details in the various definitions. Notation and short description of Bethe
Ansatz are given. In section 3 we introduce the symmetric form factors and prove the finite
volume expansion theorem for algebra symmetry gl(2|1) related models. The case of algebra
symmetry gl(3) related models can be obtain in a similar way and the difference is minor between
these cases. In Section 4 the thermodynamic limit of the form factor expansion is considered. In
Section 5 we present an efficient way for the computation of the symmetric form factors, focusing
on the Gaudin-Yang model. Finally, this Section includes our explicit results for the correlators
in the combined large coupling and large imbalance limits. Appendix A includes technical details
of the computations involving the symmetric form factors. In Appendix B we consider the mean
values and form factors of the conserved charges, and we perform a check of the expansion theorem.
Finally, in Appendix C the comparison of the the integral series with result of [3] for the correlation
functions is given, considering the example of 1D Bose gas (Lieb-Liniger).
2 Main results
In this Section we summaries our main results and apply them to the one dimensional two compo-
nent quantum gas models. Most of our results for correlation functions are valid in a much more
general setting: they can be applied in Yang-Baxter integrable models related to the symmetry
algebras gl(3) and gl(2|1). This will be explained in later Sections. However, in this summary we
focus on the concrete applications.
Therefore we consider the spin-1/2 one-dimensional δ-function interacting gas models (Gaudin-
Yang model) defined through the Hamiltonian [56, 57] (see also [58–60]).
H =
∫ L
0
dx
{
∂ψ†α∂ψα + 2cψ
†
αψ
†
βψβψα
}
, α, β =↑, ↓, (2.1)
with canonical Fermi fields satisfying the exchange relations
{
ψ†α(x), ψβ(y)
}
= δαβδ(x − y). As
explained below, this model is related to the algebra gl(2|1). In (2.1) automatic summation over
α, β =↑, ↓ is understood.
Similarly, we can also consider the two component Bose gas defined through a Hamiltonian
which has a form identical to (2.1) but with bosonic fields ψ↑(x), ψ↓(x) satisfying commutation
relations
[
ψ†α(x), ψβ(y)
]
= δαβδ(x− y). The bosonic model is related to the algebra gl(3). In both
cases periodic boundary conditions are assumed.
Both models can be solved by the nested Bethe Ansatz [10, 11, 57, 58, 61]. Eigenstates can be
characterized by two sets of rapidities v¯ = {v1, . . . , vb} and u¯ = {u1, . . . , ua}. The first set of the
rapidities describes the momentum of the particles, and the second set describes the orientation
of the wave function in the internal spin space.
Let us however note that in further Sections we call the spin variables u¯ the first level and
rapidity variables v¯ the second level. The only consequence of our choice will be the unusual
convention for the numeration of levels. To summarize our conventions: the first set u¯ describes
the spin degrees of freedom, and the second set v¯ describes the physical momenta of the particles.
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We will focus mostly on the fermionic case. In this model the rapidities satisfy the Bethe
equations [61]:
eip(vj)L =
a∏
s=1
S12(vj, us), j = 1, . . . , b,
1 =
a∏
s=1
S(uj, us)
b∏
ℓ=1
S12(vℓ, uj), j = 1, . . . , a,
(2.2)
where S, S12 are phases of (quasi)particles scattering
S12(x) =
x+ ic/2
x− ic/2
, S(x) =
x+ ic
x− ic
, (2.3)
and p(v) is the single particle momentum, which in this model is simply p(v) = v. For the Bethe
equations in the bosonic case see [10, 57].
In this work we are interested in static two point correlation functions in these models. We
focus on the density-density correlation functions
〈O(x, y)〉 = 〈qα(x)qβ(y)〉 , qα(x) = ψ
†
α(x)ψα(x), α =↑, ↓ (2.4)
and similarly in the bosonic case. Furthermore, in the actual computations we will consider the
correlators
〈q↑(x)q↓(y)〉 , 〈q(x)q(y)〉 , (2.5)
where q(x) = q↑(x) + q↓(x) is the total density operator.
In the following we present expansion theorems for the mean values in both finite and infinite
volumes; in order to simplify the notations we will denote the operator product as O(x, y). Specific
details of the local operators will enter the form factors involved.
Our first main result is the following finite volume expansion theorem:
〈O(x, y)〉a,b (u¯; v¯) =
∑
F a−m,b−n (u¯II; v¯II) detG (u¯I, v¯I)
detG (u¯, v¯)
. (2.6)
Here 〈O(x, y)〉 denotes the normalized expectation value and the sum on the r.h.s. is taken over
all bipartite partitions u¯→ {u¯I, u¯II}, v¯ → {v¯I, v¯II}
1, #u¯ = a, #v¯=b. The matrix G is the so-called
Gaudin matrix, which is the Jacobian of the Bethe equations of the system with some finite size
L. The cardinalities of the sets are #u¯I = m, #v¯I = n and #u¯II = a−m, #v¯II = b−n. The object
Fm,n is the so-called symmetric form factor of the composite operator, which is a special limit of
an off-diagonal form factor defined as
Fm,n(u¯; v¯) = N
−1 lim
ε→0
〈u¯+ ε; v¯ + ε|O(x, y)|u¯; v¯〉. (2.7)
Precise details of this definition, including the normalization N are presented in Section 3.3. We
should note that in a particular model the symmetric form factors Fa,b can be non-zero even if
there is no Bethe state corresponding to the particle numbers a, b. This happens because the
1We should stress that here and further we use partitions where the cases #u¯I = 0, #u¯II = #u¯ = a or vice versa
(and the same for set v¯) are included.
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symmetric form factor describes the amplitude of a multi-particle process in the presence of the
other particles, and thus the selection rules for them can be different from those for the states.
This type of finite volume form factors expansion was first used in [62] for generic local operators
in integrable QFT. It was later shown in [43] that in the thermodynamic limit this expansion
reproduces the so-called LeClair-Mussardo series [35], which is an integral series for the mean
values. It was argued in [39] that in QFT the expansion theorem should hold also for composite
objects such as the two-point functions. We should also note that in spin chains related to algebra
symmetry gl(2) the theorem was proven rather generally in [63, 64].
The expansion theorem treats the operator product as a single object, and the form factors
depend on the operators and the distance x− y. In this respect our method is different from the
direct approaches, where a complete set of states is inserted between the two operators. The ad-
vantage of this method is that in the thermodynamic limit it leads to integral series involving form
factors with low particle numbers, which can be determined from relatively simple computations.
The resulting integral series can be considered the LeClair-Mussardo series for nested Bethe
Ansatz models, which we describe in the following. Let us consider for simplicity a situation where
in ground state the solutions to the Bethe equations are purely real. Extensions to the general
case with so-called string solutions will be considered elsewhere. We take the thermodynamic limit
of the formula (2.6) such that the particle densities are kept finite. Then we obtain the following
result:
〈O(x, y)〉 =
∞∑
m,n=0
1
m!n!
m∏
j=1
∫
dtj
(2π)
ω(1)(tj)
n∏
i=1
∫
dsi
(2π)
ω(2)(si)Fm,n (t¯; s¯) , (2.8)
where ω(1,2) are weight functions defined in (4.10). This series can be considered as the general-
ization of the LeClair-Mussardo formula, and it is proven in Section 4.3.
The series involves the “symmetric” diagonal form factors. In contrast, the original LeClair-
Mussardo formula used a different prescription for the diagonal limit, which are called the “con-
nected” diagonal form factors. Furthermore, the original LM series does not involve the additional
ω weight functions. The equivalence of the two integral series follows from relations between the
two different evaluations of the diagonal limit, as discussed in length in [62]. We should note that
in the one-component case the LM series for two-point functions was already derived in [4, 5], and
these works also used the connected form factors.
We also present the LM series in the nested case using the connected form factors, which is
written as
〈O(x, y)〉 =
∞∑
m,n=0
1
m!n!
m∏
j=1
∫
dtj
(2π)
n∏
i=1
∫
dsi
(2π)
Fcm,n (t¯; s¯) . (2.9)
Here Fcm,n (t¯; s¯) are the connected form factors, defined as
Fca,b(u¯; v¯) = Finite part
{
N−1 lim
ε¯→0, ε¯′→0
〈u¯+ ε¯; v¯ + ε¯′|O(x, y)|u¯; v¯〉
}
. (2.10)
Precise details of this definition are presented in Section 3.4.
Using (2.6) with (2.7) the static zero-temperature two-point correlation functions can be cal-
culated. We apply them to a specific large imbalance limit of the two-component fermionic model,
which we describe in the following.
In the two-component Fermi gas with c > 0 there are two natural small parameters, which
can be chosen as Q/c and B/c, where Q and B are the Fermi rapidities in the ground state,
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which involves only real roots. These two parameters can be related to the particle densities,
the exact formulas are presented later in Section 4. Smallness of Q/c means large coupling limit,
whereas smallness of B/c is equivalent to large imbalance, or smallness off the ratio n↓/n, where
n = 〈q(x)〉, n↑,↓ = 〈q↑,↓(x)〉. If the parameter B/c is small, then the densities can be expressed as
n↓ = 〈q↓(x)〉 = 2B
1
(2π)2
4 arctan(2Q/c) +O(B2/c2),
n = 〈q(x)〉 =
Q
π
+
4B
π3
arctan2(2Q/c) +O(B2/c2).
(2.11)
Note that these formulas are exact in Q/c. However in the case of two-point correlation functions
the series (2.8) converges only when the ratio Q/c is small too. Thus we will develop a Taylor
series in the two small parameters.
Our result for the leading terms of the correlation functions is
〈q(x)q(0)〉 =
(
Q2
π2
−
sin2(Qx)
x2π2
)
×
(
1 +O(B2/c2) +O(Q2/c2) +O(QB/c2)
)
. (2.12)
〈q↑(x)q↓(0)〉 =
(
4Q2B
π3c
−
4B sin2(Qx)
π3x2c
)
× (1 +O(B/c) +O(Q/c)) . (2.13)
These leading terms describe free fermionic behavior in both cases. We expect that this
behavior only holds at the particular level of approximation. Note that the correction terms to
the formula (2.12) are quadratic; the absence of linear terms (carrying an additional factor of B/c
or Q/c) is a non-trivial result of our computations.
In the x→ 0 limit both formulas above approach zero. This agrees with result of Section 5.6
where leading terms of the local correlators were found from the Hellmann-Feynman theorem. It
is shown there that
〈q(0)q(0)〉 = 2 〈q↑(0)q↓(0)〉 ∼
Q4B
c3
+O(c−4). (2.14)
Clearly, this is sub-leading compared to the result (2.13).
2.1 Notations
In order to simplify the formulas we use the following notational conventions in the paper.
We denote sets of arbitrary variables as u¯ = {u1, u2, . . . }, v¯ = {v1, v2, . . . }. Subsets are
labeled by roman or Arabic numbers, e.g. v¯I, v¯II, u¯1, u¯2, etc. We use the notation u¯j = u¯ \ uj,
u¯j,k = u¯ \ {uj, uk} for sets with the certain elements are omitting. For an arbitrary function F (x),
F (x, y) and for an arbitrary sets x¯, y¯ we use the notation
F (x¯) =
#x¯∏
j=1
F (xj), F (s, y¯) =
#y¯∏
j=1
F (s, yj), F (x¯, y¯) =
#y¯∏
j=1
#x¯∏
k=1
F (xk, yj). (2.15)
In a similar way
F (y¯k) =
#y¯∏
j=1;j 6=k
F (yj), F (x¯k, y¯s) =
#x¯∏
j=1;j 6=k
#y¯∏
ℓ=1;ℓ 6=s
F (xj , yℓ). (2.16)
Skew-symmetric products of an arbitrary function g(x, y) over the set x¯ are defined as
∆g(x¯) =
∏
i>j
g(xi, xj), ∆
′
g(x¯) =
∏
i<j
g(xi, xj). (2.17)
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2.2 Bethe Ansatz
We consider models with algebra symmetry gl(3) and gl(2|1) simultaneously. We present detailed
computations mostly in the case of gl(2|1); the case of algebra symmetry gl(3) is very similar and
we will just give the final results.
Throughout the paper we use conventional notations for the following functions:
f(x, y) =
x− y + ic
x− y
, g(x, y) =
ic
x− y
, h(x, y) =
x− y + ic
ic
,
t(x, y) =
g(x, y)
h(x, y)
= −
c2
(x− y)(x− y + ic)
.
(2.18)
We will also use the kernel K(x, y) defined as
K(x, y) =
2c2
(x− y)2 + c2
. (2.19)
We define a Z2-graded vector space C
2|1 with a grading [1] = [2] = 0, [3] = 12. Matrices acting
in C2|1 in case of gl(2|1) algebra symmetry are also graded with grading defined as [eij ] = [i] + [j]
where elementary units eij are defined as (eij)ab = δaiδbj .
Our computations will be performed using the Algebraic Bethe Ansatz (ABA) technique. In
ABA the system is given by certain monodromy matrix T that satisfies the so-called RTT relation
[9, 11, 65, 66] with an appropriate R-matrix
R12(u− v)T01(u)T02(v) = T02(v)T01(u)R12(u− v), (2.20)
that holds in a tensor product of spaces V1 ⊗ V2 ⊗H (subscripts of R12 and T0k denote spaces in
which correspondent matrix acts non-trivially). Here the so-called auxiliary spaces V1 and V2 are
C
3 in case of algebra symmetry gl(3) and C2|1 in case of algebra symmetry gl(2|1) related models.
So-called quantum space H coincides with the Hilbert space of the Hamiltonian of considering
system.
The cases of rational gl(3) and gl(2|1)-invariant R-matrices are considered in this paper
R(u− v) = I+
icP
u− v
, P =
3∑
i,j=1
(−1)[j]eij ⊗ eji, I =
3∑
i,j=1
eii ⊗ ejj, (2.21)
with a (graded) permutation operator P and a unity operator I [65].
The Gaudin-Yang model, discussed in introduction, is related to algebra symmetry gl(2|1)
while the two-component Bose gas to algebra symmetry gl(3). In this paper we do not give the
explicit form of monodromy matrix entries for the models under consideration, instead we refer
to [10, 11].
We denote Bethe Ansatz vacuum as |0〉 (and dual vacuum as 〈0|). Vacuum eigenvalues of the
diagonal entries of the monodromy matrix Tii
3 are denoted by λi:
Tii(t)|0〉 = λi(t)|0〉, i = 1, . . . , 3, (2.22)
2Here and further square brackets denote parity.
3Here and further subscripts of Tij denote the matrix element indices, not numbers of spaces.
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r1(t) = λ1(t)/λ2(t), r3(t) = λ3(t)/λ2(t). (2.23)
Following [1] we use the concept of the two-site (also called partial) model for the description
of subsystems. Thus we consider the system of length L and split it into two subsystems [0, x] and
[x, L]; this will be useful for the computation of the two-point correlation functions. We denote the
partial quantities belonging to the first (second) subsystem by superscript (1) (correspondingly
(2)). For example Q
(1)
i denotes the number of particles of type i, i = 1, 2, in the first subsystem.
Furthermore, r
(k)
i (t), i = 1, 3, k = 1, 2 denote the ratios of eigenvalues of the diagonal elements of
partial monodromy matrix belonging to subsystem k. Obviously ri = r
(1)
i r
(2)
i , i = 1, 3. We apply
the following notations for logarithmic derivatives of ri(w):
Zk = i∂uk log r1(uk), Yk = i∂vk log r3(vk). (2.24)
We extend notations F (u¯) = F (u1)F (u2) . . . introduced for functions to operators, that com-
mute among themselves. For instance in case of the algebra symmetry gl(2|1) related models
T12(u)T12(v) = T12(v)T12(u), thus
T12(u¯) = T12(u1), . . . T12(ua), #u¯ = a. (2.25)
Operators T13, T31, T32 and T23 do not commute among themselves. For example
T13(v)T13(u)h(v, u) = T13(u)T13(v)h(u, v). (2.26)
In these cases we introduce the operator products
Tj3(v¯) = ∆
−1
h (v¯)Tj3(v¯), T3j(v¯) = ∆
′−1
h (v¯)T3j(v¯), j = 1, 2, (2.27)
that are symmetric with respect to the parameters v¯.
The transfer matrix, defined as
t(u) = str T =
3∑
i=1
(−1)[i]Tii(u), (2.28)
is a generating function of (mutually commuting) integrals of motion {Hk}; t(u) =
∑
(u−u0)kHk,
where Hamiltonian is H = H2.
In ABA the Bethe vectors are special polynomials in the monodromy matrix entries acting on
vacuum. For the simplest case of the gl(2) related models they are given by4
|u¯〉 = T12(u¯)|0〉. (2.29)
For models related to higher rank symmetries we need to apply the so-called nested Bethe Ansatz,
where we have different types of Bethe roots corresponding to the different levels of the nesting
procedure. In concrete physical models the different types of spectral variables correspond to the
different physical degrees of freedom. In the gl(2|1) related models the states are described by two
types of variables [10, 67]. The explicit form of the Bethe vectors is given by
|u¯; v¯〉 =
∑ g(v¯I, u¯I)f(u¯I, u¯II)g(v¯II, v¯I)h(u¯I, u¯I)
λ2(u¯)λ2(v¯II)f(v¯, u¯)
T13(u¯I)T12(u¯II)T23(v¯II)|0〉, (2.30)
4Let us note, that here and further the definition of Bethe vectors |u¯〉, |u¯, v¯〉 should not be understood as
products defined in (2.15). Here u¯, v¯ denotes just the sets of arguments of function.
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and the dual Bethe vectors are given by
〈u¯; v¯| = (−1)b(b−1)
∑ g(v¯I, u¯I)f(u¯I, u¯II)g(v¯II, v¯I)h(u¯I, u¯I)
λ2(u¯)λ2(v¯II)f(v¯, u¯)
〈0|T32(v¯II)T21(u¯II)T31(u¯I). (2.31)
In the following we will denote #u¯ = a and #v¯ = b. Above the sum is taken over partitions
u¯→ {u¯I, u¯II}, v¯ → {v¯I, v¯II}. In the general case {u¯, v¯} are sets of arbitrary complex numbers, and
we call Bethe vectors off-shell. In the case when the sets {u¯, v¯} satisfy the system of Bethe Ansatz
equations (BAE) Bethe vectors become eigenvectors of the transfer matrix, we call them on-shell.
In our notations the (twisted) Bethe equations can be written as
r1(uj) =
κ2
κ1
f(uj, u¯j)
f(u¯j, uj)
f(v¯, uj), j = 1, . . . , a,
r3(vj) =
κ2
κ3
f(vj, u¯), j = 1, . . . , b,
(2.32)
where κ = {κ1,κ2,κ3} are twists (see [1, 3]).
Following [68] we use the concept of the generalized model, in which sets {r1(uk)}, k = 1, . . . , a,
{r3(vj)}, j = 1, . . . , b are treated as sets of free parameters, without any reference to the particular
model. For the off-shell Bethe vector instead of two sets of parameters {u¯, v¯} we have now two
additional sets of parameters {r1(uk)} and {r3(vj)} that are independent of {u¯, v¯}.
The generalized model is a convenient instrument for computations in the ABA approach and
will be used throughout the paper. It allows to establish expansions (2.6)–(2.8) for arbitrary
integrable model related to algebra symmetry gl(3) and gl(2|1).
In sections 5.4 we specify functions {r1, r3} as r1 = 1, r3(vj) = eivjL and produce results of
section 2 for the Gaudin-Yang model from the general formulas.
3 Expansion theorem for the mean values
Here we give a proof LeClair-Mussardo series using standard tools of nested algebraic Bethe
Ansatz.
3.1 Analytic properties of a scalar product
We define the scalar product Sa,b (u¯
C; v¯C|u¯B; v¯B) of two generic (off-shell) Bethe vectors as
Sa,b (u¯
C; v¯C|u¯B; v¯B) = 〈u¯C; v¯C|u¯B; v¯B〉. (3.1)
Our expansion theorem introduced below is built on certain singularity properties of the scalar
products and form factors. Thus we start with investigating the poles of the scalar product.
It was proven in [69] that the scalar product can be expressed via highest coefficients Zn,m5
Sa,b (u¯
C; v¯C|u¯B; v¯B) =
∑ r1(u¯CII )r1(u¯BI )r3(v¯CII )r3(v¯BI )
f(v¯C, u¯C)f(v¯B, u¯B)
f(v¯C
I
, u¯C
I
)f(v¯B
II
, u¯B
II
)
×f(u¯B
II
, u¯B
I
)f(u¯C
I
, u¯C
II
)g(v¯B
II
, v¯B
I
)g(v¯C
I
, v¯C
II
)Za−k,n (u¯
C
II
, u¯B
II
|v¯C
I
, v¯B
I
)Zk,b−n (u¯
B
I
, u¯C
I
|v¯B
II
, v¯C
II
) .
(3.2)
5Notation u¯, v¯ should not be confused with shorthand notation for products in definitions (3.1), (3.2), Za,b.
These are arguments of function.
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Here and further #u¯B = #u¯C = a and #v¯B = #v¯C = b. The sum is taken over partitions
u¯→ {u¯I, u¯II}, v¯ → {v¯I, v¯II}.
The pole structure of the highest coefficient is known. We are interested in residues that
appears in the limit u¯C → u¯B, v¯C → v¯B
Za,b (u¯
C, v¯C|u¯B, v¯B)|uCa →uBa =
ic
uCa − u
B
a
f(u¯Ca , u
C
a )f(u
C
a , u¯
B
a )f(v¯
B, uCa )Za−1,b (u¯
C
a , v¯
C|u¯Ba , v¯
B) ,
Za,b (u¯
C, v¯C|u¯B, v¯B)|vC
b
→vB
b
=
ic
vCb − v
B
b
g(vCb , v¯
C
b )g(v
B
b , v¯
B
b )f(v
B
b , u¯
C)Za,b−1 (u¯
C, v¯Cb |u¯
B, v¯Bb ) .
(3.3)
Let us consider now the analytic properties of the scalar product of two Bethe vectors. If uCa → u
B
a
the r.h.s. of (3.2) contains poles if uCa ∈ u¯
C
I
, uBa ∈ u¯
B
I
or uCa ∈ u¯
C
II
, uBa ∈ u¯
B
II
. Consider the first case∑ r1(u¯CII )r1(u¯B1 )r3(v¯CII )r3(v¯BI )
f(v¯C, u¯Ca )f(v¯
B, u¯Ba )
f(v¯C
I
, u¯C1 )f(v¯
B
II
, u¯B
II
)f(u¯B
II
, u¯B
I
)f(u¯C1 , u¯
C
II
)g(v¯B
II
, v¯B
I
)g(v¯C
I
, v¯C
II
)
×
icr1(u
B
a )
uCa − u
B
a
Za−k,n (u¯
C
II
, u¯B
II
|v¯C
I
, v¯B
I
)Zk−1,b−n (u¯
B
1 , u¯
C
1 |v¯
B
II
, v¯C
II
)
×f(v¯B
II
, uCa )f(u¯
C
1 , u
C
a )f(u
B
a , u¯
B
I
)
f(v¯C
I
, uCa )f(u¯
B
II
, uBa )f(u
C
a , u¯
C
II
)
f(v¯C, uCa )f(v¯
B, uBa )
.
(3.4)
Here u¯C1 , u¯
B
1 denote the sets u¯
C
I
\ uCa and u¯
B
I
\ uBa . The simplified last line of (3.4) is
f(u¯Ca , u
C
a )f(u¯
B
a , u
C
a )
f(uCa , u¯
C
II
)
f(u¯C
II
, uCa )
f(u¯Ba , u¯
B
1 )
f(u¯B1 , u
B
a )
1
f(v¯C
II
, uCa )f(v¯
B
I
, uBa )
. (3.5)
The second case is∑ r1(u¯C2 )r1(u¯BI )r3(v¯CII )r3(v¯BI )
f(v¯C, u¯Ca )f(v¯
B, u¯Ba )
f(v¯C
I
, u¯C
I
)f(v¯B
II
, u¯B2 )f(u¯
B
2 , u¯
B
I
)f(u¯C
I
, u¯C2 )g(v¯
B
II
, v¯B
I
)g(v¯C
I
, v¯C
II
)
×
icr1(u
C
a )
uCa − u
B
a
Za−k−1,n (u¯
C
2 , u¯
B
2 |v¯
C
I
, v¯B
I
)Zk,b−n (u¯
B
I
, u¯C
I
|v¯B
II
, v¯C
II
)
×
f(uCa , u¯
B
I
)f(u¯C
I
, uCa )f(v¯
B
II
, uBa )
f(v¯C, uCa )f(v¯
B, uCa )
f(u¯B2 , u
B
a )f(u
C
a , u¯
C
2 )g(v¯
C
I
, uCa )h(v¯
C
I
, uCa ).
(3.6)
Here u¯C2 , u¯
B
2 denote the sets u¯
C
II
\ uCa , u¯
B
II
\ uBa . The simplification of the last line gives
f(u¯Ca , u
C
a )f(u¯
B
a , u
C
a )
f(uCa , u¯
C
2 )
f(u¯C2 , u
C
a )
f(uBa , u¯
B
I
)
f(u¯B
I
, uBa )
1
f(v¯C
II
, uBa )f(v¯
B
I
, uBa )
. (3.7)
Taking the sum of both contributions (3.4) and (3.6) we come to
Sa,b (u¯
C; v¯C|u¯B; v¯B)|uCa→uBa = ic
r1(u
C
a )− r1(u
B
a )
uCa − u
B
a
f(u¯Ca , u
C
a )f(u¯
B
a , u
C
a )Sa−1,b (u¯
C
a ; v¯
C|u¯Ba ; v¯
B)mod
∣∣∣∣
uCa→u
B
a
,
(3.8)
where in the r.h.s. the vacuum expectation values are modified as
r1(u)mod = r1(u)
f(ua, u)
f(u, ua)
, r3(v)mod =
r3(v)
f(v, ua)
. (3.9)
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We can take now the limit of first factor
lim
uCa →u
B
a
(
r1(u
C
a )− r1(u
B
a )
uCa − u
B
a
)
= −iZa. (3.10)
Consider now the limit vCb → v
B
b . The first contribution to the residue comes from the partitions
where vCa ∈ v¯
C
I
, vBa ∈ v¯
B
I
and the second from the partition vCa ∈ v¯
C
II
, vBa ∈ v¯
B
II
. The first contribution
is ∑ r1(u¯CII )r1(u¯BI )r3(v¯CII )r3(v¯B1 )
f(v¯Cb , u¯
C)f(v¯Bb , u¯
B)
f(v¯C1 , u¯
C
I
)f(v¯B
II
, u¯B
II
)f(u¯B
II
, u¯B
I
)f(u¯C
I
, u¯C
II
)g(v¯B
II
, v¯B1 )g(v¯
C
1 , v¯
C
II
)
×
icr3(v
B
b )
vCb − v
B
b
Za−k,n−1 (u¯
C
II
, u¯B
II
|v¯C1 , v¯
B
1 )Zk,b−n (u¯
B
I
, u¯C
I
|v¯B
II
, v¯C
II
)
×
f(vCb , u¯
C
I
)g(v¯B
II
, vBb )g(v¯
C
II
, vCb )
f(vCb , u¯
C)f(vBb , u¯
B)
g(vCb , v¯
C
1 )g(v
C
b , v¯
B
1 )f(v
C
b , u¯
B
II
).
(3.11)
Here v¯C1 , v¯
B
1 denote the sets v¯
C
I
\ vCb , v¯
B
I
\ vBb . The simplification of the last line gives
g(vCb , v¯
C
b )g(v
C
b , v¯
B
b )
1
f(vCb , u¯
C
II
)f(vCb , u¯
B
I
)
. (3.12)
The second contribution is∑ r1(u¯CII )r1(u¯BI )r3(v¯C2 )r3(v¯BI )
f(v¯Cb , u¯
C)f(v¯Bb , u¯
B)
f(v¯C
I
, u¯C
I
)f(v¯B2 , u¯
B
II
)f(u¯B
II
, u¯B
I
)f(u¯C
I
, u¯C
II
)g(v¯B2 , v¯
B
I
)g(v¯C
I
, v¯C2 )
×
icr3(v
B
b )
vCb − v
B
b
Za−k,n (u¯
C
II
, u¯B
II
|v¯C
I
, v¯B
I
)Zk,b−n−1 (u¯
B
I
, u¯C
I
|v¯B2 , v¯
C
2 )
×
f(vCb , u¯
C
II
)g(v¯B
I
, vCb )g(v¯
C
I
, vBb )
f(vCb , u¯
C)f(vBb , u¯
B)
g(vCb , v¯
C
2 )g(v
C
b , v¯
B
2 )f(v
C
b , u¯
C
I
).
(3.13)
Here v¯C2 , v¯
B
2 denote the sets v¯
C
II
\ vCb , v¯
B
II
\ vBb . The simplification of the last line gives
g(vCb , v¯
C
b )g(v
C
b , v¯
C
b )
1
f(vCb , u¯
C
II
)f(vCb , u¯
B
I
)
. (3.14)
Taking the sum of contributions (3.11) and (3.13) we arrive at
Sa,b (u¯
C; v¯C|u¯B; v¯B)|vC
b
→vB
b
= ic
r3(v
C
b )− r3(v
B
b )
vCb − v
B
b
g(vCb , v¯
C
b )g(v
C
b , v¯
B
b )Sa,b−1 (u¯
C; v¯Cb |u¯
B; v¯Bb )mod
∣∣∣∣
vCa →v
B
a
.
(3.15)
Here the vacuum expectation values at the r.h.s. are modified as
r1(u)mod = r1(u)/f(vb, u), r3(v)mod = r3(v), (3.16)
and we can take the limit of the first factor there
lim
vC
b
→vB
b
(
r3(v
C
b )− r3(v
B
b )
vCb − v
B
b
)
= −iYb. (3.17)
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3.2 Analytic properties of form factors
It is our main goal to study form factors of products of local operators. It is known that in the
fundamental models local operators can be expressed directly via the entries of the monodromy
matrix [70, 71]. Therefore, we first study the analytic properties of them.
In models of quantum gases the solution of the quantum inverse problem is not known. How-
ever, taking into account that such models can be derived from the fundamental one using a
special type of scaling limit [72, 73], we assume that the properties of form factors in Gaudin-
Yang model are similar to the properties of form factors in the fundamental model. This was
explicitly demonstrated in models related to algebra symmetry gl(2) in [74].
We start with the analytic properties of form factors of the matrix elements of a monodromy
matrix. They follow from the formulas of multiple action of operators Ti,j on the Bethe vectors and
from the analytic properties of the scalar product, established earlier. Formulas for the multiple
action in the case of algebra symmetry gl(2|1) were derived in [75].
Consider for instance the multiple action of the operator T31(z¯)
〈u¯C; v¯C|T31(w¯)|u¯
B; v¯B〉 = (−1)n(n+1)/2λ2(w¯)h(ξ¯, z¯)
∑
r3(ξ¯I)r1(η¯II)Kn(η¯II|ξ¯II + c)
×
g(ξ¯II, ξ¯I)g(ξ¯III, ξ¯I)g(ξ¯I, ξ¯II)
h(η¯I, z¯)h(ξ¯I, η¯I)h(ξ¯II, z¯)
f(η¯I, η¯II)f(η¯I, η¯III)f(η¯III, η¯II)h(η¯I, η¯I)
f(ξ¯I, η¯II)f(ξ¯II, η¯III)f(ξ¯III, η¯II)
Sa,b
(
u¯C; v¯C|η¯III; ξ¯III
)
.
(3.18)
Here the sum is taken over partition {u¯, w¯} = η¯ → {η¯I, η¯II, . . . }, {v¯, w¯} = ξ¯ → {ξ¯I, ξ¯II, . . . } with
the restrictions #ξ¯I = #η¯I = #z¯ and Kn(x¯|y¯) is the Izergin-Korepin determinant, it is defined for
any two sets x¯, y¯ with #x¯ = #y¯ = n:
Kn(x¯|y¯) = ∆
′
g(x¯)∆g(y¯)h(x¯, y¯) det
n
[t(xj , yk)] . (3.19)
The first pole in (3.18) is present if uBa ∈ η¯III. The singular part is proportional to the singular
part of products 〈u¯C; v¯C|η¯III; ξ¯III〉. We write separately only the part under the sum over partitions
that depends on uCa and u
B
a . The following factor appears in front of these singular parts
r1(η¯II)r3(ξ¯I)
f(η¯I, u
C
a )f(u
C
a , η¯II)
f(ξ¯I, uCa )
f(u¯Ca , u
C
a )f(η¯III, u
C
a )
= f(w¯, uCa )f(u¯
C
a , u
C
a )f(u¯
B
a , u
C
a )
r3(ξ¯I)
f(ξ¯I, uCa )
r1(η¯II)
f(uCa , η¯II)
f(η¯II, uCa )
.
(3.20)
After an elementary transformation, we get
〈u¯C; v¯C|T31(w¯)|u¯
B; v¯B)〉|uCa →uBa = cZaf(u¯
C
a , u
C
a )f(u¯
B
a , u
C
a )f(w¯, u
C
a ) 〈u¯
C
a ; v¯
C|T31(w¯)|u¯
B
a ; v¯
B〉mod .
(3.21)
The second pole is present if vBb ∈ ξ¯III. We write only the part under the sum over partition that
depends on vCb and v
B
b
g(vCb , ξ¯I)g(v
C
b , ξ¯II)g(v
C
b , v¯
C
b )g(v¯
C, ξ¯III)
r3(η¯II)
f(vCb , η¯II)
= g(vCb , v¯
C
b )g(v
C
b , v¯
B
b )g(v
C
b , w¯)
r3(η¯II)
f(vCb , η¯II)
. (3.22)
After an elementary transformation and the replacement r1(η¯II) by r1(η¯II)/f(v
C
b , η¯II) we arrive at
〈u¯C; v¯C|T31(w¯)|u¯
B; v¯B〉|vC
b
→vB
b
= cYbg(v
C
b , v¯
C
b )g(v
C
b , v¯
B
b )g(v
C
b , w¯) 〈u¯
C; v¯Cb |T31(w¯)|u¯
B; v¯Bb 〉mod . (3.23)
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Since we have the symmetry w.r.t to permutations of pairs {uk, r1(uk)} ←→ {un, r1(un)} for
arbitrary k, n = 1, . . . , a and {vk, r3(vk)} ←→ {vn, r3(vn)} for arbitrary k, n = 1, . . . , b the same
property is true for each rapidity in the set u¯ and v¯.
Using the action rules for all Tij(w¯), i, j = 1, . . . , 3 it is easy to obtain that the same analytical
properties will hold for arbitrary Tij(w¯). It is also easy to check in the same way that the same
analytic properties holds for superposition of operators Tij(w¯I)Tkl(w¯II) . . . . Thus, the form factor
of an arbitrary operator O will satisfy the same properties:
〈u¯C; v¯C|O(w¯)|u¯B; v¯B)〉|uCa →uBa = cr1(u¯
B
a )Zaf(u¯
C
a , u
C
a )f(u¯
B
a , u
C
a )f(w¯, u
C
a ) 〈u¯
C
a ; v¯
C|O(w¯)|u¯Ba ; v¯
B〉mod ,
(3.24)
〈u¯C; v¯C|O(w¯)|u¯B; v¯B〉|vC
b
→vB
b
= cr3(v¯
B
b )Ybg(v
C
b , v¯
C
b )g(v
C
b , v¯
B
b )g(v
C
b , w¯) 〈u¯
C; v¯Cb |O(w¯)|u¯
B; v¯Bb 〉mod .
(3.25)
The only difference in the case of algebra symmetry gl(3) will be replacement of the factor
g(vCb , v¯
C
b )g(v
C
b , v¯
B
b )g(v
C
b , w¯) in the last line by f(v
C
b , v¯
C
b )f(v
C
b , v¯
B
b )f(v
C
b , w¯).
3.3 Expansion formula
The proof of the expansion formula is loosely based on the proof for the algebra symmetry gl(2)
case given in [43, 64]. Consider the diagonal form factor
FOa,b
(
u¯; v¯|Z¯; Y¯
)
=
1
f(w¯, u¯C)g(v¯C, w¯)
〈u¯C; v¯C|O|u¯B; v¯B〉|u¯C→u¯B, v¯C→v¯B . (3.26)
Here it is understood that the diagonal limit is performed on the off-shell form factor. It follows
from the above that the diagonal form factor is a linear function of the variables Zj, Yk with the
coefficients cf(u¯Ca , u
C
a )f(u¯
B
a , u
C
a ) and cg(v
C
b , v¯
C
b )g(v
C
b , v¯
B
b )
6. Taking the limit of u¯C → u¯B, v¯C → v¯B
in (3.24), (3.25) we arrive at
∂
∂Za
FOa,b
(
u¯; v¯|Z¯; Y¯
)
= cr1(u¯
B
a )f(u¯
C
a , u
C
a )f(u¯
B
a , u
C
a )F
O
a−1,b
(
u¯a; v¯|Z¯a; Y¯
)
mod
,
∂
∂Yb
FOa,b
(
u¯; v¯|Z¯; Y¯
)
= cr3(v¯
B
b )g(v
C
b , v¯
C
b )g(v
C
b , v¯
B
b )F
O
a,b−1
(
u¯; v¯b|Z¯; Y¯b
)
mod
.
(3.27)
Now we introduce the symmetric form factor. As given in the previous Section, its definition in
the general case is
Fa,b (u¯; v¯) = lim
ε→0
〈u¯B + ε; v¯B + ε|O|u¯B; v¯B〉. (3.28)
Here we regard {u¯C, v¯C} and {u¯B, v¯B} as solutions of the Bethe equations, i.e. limit u¯C → u¯B,
v¯C → v¯B is taken after the r1(uk), r3(vk) are expressed via r.h.s. of (2.32) (without twists).
In the case of models related to symmetry gl(2) it was proven already in [64] that the symmetric
form factor is the mean value in the case when the parameters Z¯ are chosen to be zero. In the
nested case a similar property holds:
Fa,b (u¯; v¯) ≡ F
O
a,b (u¯; v¯|{0}; {0}) . (3.29)
6Factors f(w¯, uCa ) and g(v
C
b , w¯) are absorbed here into the normalization of the form factor (see (3.26)).
13
Theorem 3.1. For the (in general non-local) operator O and arbitrary eigenstates the following
expansion of form factor can be established
FOa,b
(
u¯; v¯|Z¯; Y¯
)
=
∑
Sm,n(u¯I; v¯I|Z¯I; Y¯I)Fa−m,b−n (u¯II; v¯II) , (3.30)
where
Sa,b
(
u¯I; v¯I|Z¯I; Y¯I
)
= f(v¯I, u¯)f(v¯II, u¯I)∆f(u¯I)∆
′
f (u¯I)∆g(v¯I)∆
′
g(v¯I)
×f(u¯I, u¯II)f(u¯II, u¯I)g(v¯II, v¯I)g(v¯I, v¯II) det
a+b
G (u¯I, v¯I) ,
(3.31)
and G is the Gaudin determinant. The cardinalities of the sets are #u¯I = m, #v¯I = n and
#u¯II = a−m, #v¯II = b− n.
Proof. Formula (3.30) can be proven by induction. Let us start from the first nontrivial case
#u¯II ≡ a2 = a, #v¯II ≡ b2 = b for which there is one non-zero term in the r.h.s. of (3.30) and this
is Fa,b. This term is Z¯- and Y¯ -independent. The l.h.s. is, of course, Z¯-, Y¯ -independent too, it is
clear from (3.27).
The matrix elements of the Gaudin matrix are given later, see (4.3)–(4.4). It is clear from that
explicit form that the derivatives of Sa,b w.r.t. Zj, Yk are
∂
∂Zj
Sm,n
(
u¯; v¯|Z¯; Y¯
)
= cf(v¯, uj)f(uj, u¯j)f(u¯j, uj)Sm−1,n
(
u¯j; v¯|Z¯j; Y¯
)
mod
,
∂
∂Yj
Sm,n
(
u¯; v¯|Z¯; Y¯
)
= cf(vj, u¯)g(vj, v¯j)g(v¯j, vj)Sm,n−1
(
u¯; v¯j |Z¯; Y¯j
)
mod
,
(3.32)
here Zk, Yj are modified as
cZ ′j = cZj −K(uj, ua),
cY ′j = cYj − t(vj , ua),
(3.33)
in first case and as
cZ ′j = cZj + t(vb, uj),
cY ′j = cYj,
(3.34)
in the second case.
Supposing that (3.30) holds for some arbitrary a − 1 we can prove that it holds for a also.
Take the derivative of (3.30) w.r.t. Zj. Using (3.32) in the r.h.s. of (3.30) we immediately
reproduce the same expansion but with set u¯ replaced by u¯a that is, according to the induction
assumption, FO(u¯a; v¯|Z¯a; Y¯ ). At the l.h.s. we use (3.27) and obtain exactly the same. Therefore
the Z¯-dependent part coincides. The same procedure can be done for Y¯ -dependent part. In order
to compare Z¯- and Y¯ -independent part it is enough to send all Z¯ and Y¯ to zero. In this case only
one contribution Fa,b(u¯; v¯) survives and it is equal to F
O
a,b (u¯; v¯|{0}; {0}) in the l.h.s. by definition
of Fa,b(u¯; v¯). 
After dividing (3.30) by norm of eigenvectors 〈u¯; v¯|u¯; v¯〉 (see [76]) we reproduce formula (2.6)
〈O〉a,b (u¯; v¯) =
∑
detG (u¯I, v¯I)Fa−m,b−n (u¯II; v¯II)
detG (u¯, v¯)
. (3.35)
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Here 〈O〉 in the l.h.s. denotes the normalized expectation value and Fm,n denotes normalized Fm,n
Fm,n (u¯; v¯) =
FS m,n(u¯; v¯)
f(v¯, u¯)∆f(u¯)∆
′
f(u¯)∆g(v¯)∆
′
g(v¯)
. (3.36)
It is easy to prove, that formula (3.35) is still valid in the case of algebra symmetry gl(3) up to
replacement of the Gaudin matrix G(u¯; v¯) and Fa,b by the corresponding analogs.
3.4 Correlation functions via the connected form factors
The original LeClair-Mussardo series [35] was built on the so-called connected form factors, which
were defined as the pole free part of the diagonal limit of the on shell form factors. The relations
between the symmetric and connected form factors were later clarified in [62]. In this work we
present the LM series using the connected form factors also in the nested Bethe Ansatz.
The connected form factors can be defined similarly to [35, 62] through the limit
Fca,b(u¯; v¯) = Fin
{
lim
ε¯→0, ε¯′→0
〈u¯B + ε¯; v¯B + ε¯′|O|u¯B; v¯B〉
}
, (3.37)
where the left Bethe vectors is defined as
〈u¯B + ε¯; v¯B + ε¯′| = 〈uB1 + ε1, . . . , u
B
a + εa; v
B
1 + ε
′
1, . . . , v
B
b + ε
′
b|, (3.38)
and finite part Fin{. . . } is defined in such a way that all singular terms including ratios of form
εi/εj, ε
′
i/ε
′
j for i 6= j and ε
′
i/εj, εi/ε
′
j are discarded.
Combining the arguments of [43, 62] and our computations with the scalar products and form
factors in the nested case it is possible to prove the following expansion.
Theorem 3.2. For the diagonal form factor of the (in general non-local) operator O between the
arbitrary eigenvectors the following expansion holds
〈O〉a,b (u¯; v¯) =
∑
det G¯ (u¯I, v¯I|u¯; v¯)Fca−m,b−n (u¯II; v¯II)
detG (u¯, v¯)
. (3.39)
Here G¯ (u¯I, v¯I|u¯; v¯) is defined as the matrix built from the columns and rows of the Gaudin matrix
G(u¯; v¯) that belong to the subsets u¯I, v¯I, and we stress explicitly that in contrary to G(u¯I; v¯I) this
matrix depends on the full sets of parameters u¯, v¯. The normalization of Fc here coincides with
the normalization of (3.36).
4 Thermodynamic limit
In this Section we take the thermodynamic limit of the expansion theorem, leading to the LM
series in nested Bethe Ansatz systems.
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4.1 Distribution of Bethe roots
The distribution of Bethe parameters in the thermodynamic limit is given by integral equations
for densities, which follow from the Bethe equations [61]. We restrict ourselves to cases where,
at least in the ground state, solutions of the BAE are real; the Gaudin-Yang model with c > 0
belongs to this class of models. In such a case the integral equations for the ground state are
ρ1(λ) =
p′1(λ)
2π
−
∫ B
−B
dω
2πc
K(λ, ω)ρ1(ω) +
∫ Q
−Q
dω
2πc
t(λ, ω)ρ2(ω),
ρ2(λ) =
p′2(λ)
2πc
+
∫ B
−B
dω
2πc
t(λ, ω)ρ1(ω),
(4.1)
where ρ1, ρ2 are densities of particles, p
′
1(x) = −i∂ log r1(x), p
′
2(x) = −i∂ log r3(x) and B (resp.
Q are Fermi boundaries for the first (resp. second) level of Bethe rapidities.
In the Gaudin-Yang model total densities n↑/↓ depend on Q and B, and in principle this
relation can be inverted to find Q and B in terms of the physical quantities n↑/↓. In practice this
involves the solution of the linear integral equations above. The relations simplify in the large
imbalance limit, as discussed in detail in Section 5.6.
4.2 Ratio of Gaudin determinants: Fermi case
Here we calculate the ratios of the Gaudin determinants detG(u¯I, v¯I) and detG(u¯, v¯) in the ther-
modynamic limit. We use the approach developed earlier [1, 3, 43]. The Gaudin determinant for
the algebra symmetry gl(2|1) related models was calculated in [76].
〈u¯; v¯|u¯; v¯〉 = (−1)a+bf(v¯, u¯)∆f (u¯)∆
′
f (u¯) ∆g(v¯)∆
′
g(v¯) det
a+b
G(u¯, v¯). (4.2)
G is an (a + b)× (a+ b) block-matrix. The diagonal blocks are
Gj,k = δjk
[
c Zk −
a∑
ℓ=1
K(uk, uℓ)−
b∑
m=1
t(vm, uk)
]
+K(uk, uj), j, k = 1, . . . , a,
Gj+a,k+a = δjk
[
c Yk +
a∑
ℓ=1
t(vk, uℓ)
]
, j, k = 1, . . . , b.
(4.3)
The anti-diagonal blocks are
Gj,k+a = t(vk, uj), j = 1, . . . , a, k = 1, . . . , b,
Gj+a,k = −t(vj , uk), j = 1, . . . , b, k = 1, . . . , a.
(4.4)
Let us denote
θ
(1)
k = c Zk −
a∑
ℓ=1
K(uk, uℓ)−
b∑
m=1
t(vm, uk), θ
(2)
k+a = c Yk +
a∑
ℓ=1
t(vk, uℓ). (4.5)
After extracting these diagonal parts from the Gaudin determinant, it can be presented as a
product
detG = det θ det Ĝ, (4.6)
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Ĝ =

δij +
K(uj, uk)
Lθ(1)(uj)
t(vk, uj)
Lθ(1)(uj)
−
t(vj , uk)
Lθ(2)(vj)
δij
 , (4.7)
and det θ is a determinant of a diagonal matrix with components {θ(1)1 , . . . , θ
(1)
a , θ
(2)
a+1, . . . , θ
(2)
a+b}.
Consider first the case u¯I = u¯j , v¯I = v¯ (or u¯I = u¯, v¯I = v¯j). Denote as det θ
′
j the determinant
extracted from detG(u¯j, v¯) (or from detG(u¯, v¯j)). The ratios of det θ
′
j/θ for the first and the
second case can be presented as
det θ′j
det θ
=
1
θ(1)(uj)
a∏
ℓ=1;ℓ 6=j
(
θ(1)(uℓ) +K(uj, uℓ)
θ(1)(uℓ)
) b∏
ℓ=1
(
θ(2)(vℓ)− t(vℓ, uj)
θ(2)(vℓ)
)
, j = 1, . . . , a,
det θ′j
det θ
=
1
θ(2)(vj)
a∏
ℓ=1
(
θ(1)(uℓ) + t(vj , uℓ)
θ(1)(uℓ)
)
, j = 1, . . . , b.
(4.8)
In the thermodynamic limit
θ(1)(uj) = −cLρ
(1)(uj), θ
(2)(vj) = −cLρ
(2)(vj), (4.9)
and (4.8) correspondingly leads to
det θ′j
det θ
≡
1
Lρ(1)(uj)
ω(1)(uj) j = 1, . . . , a,
det θ′j
det θ
≡
1
Lρ(2)(vj)
ω(2)(vj) j = 1, . . . , b,
(4.10)
where we defined the weight functions
ω(1)(uj) =
1
c
exp
(
−
1
2cπ
∫ B
−B
du K(u, uj) +
1
2cπ
∫ Q
−Q
dv t(v, uj)
)
, j = 1, . . . , a,
ω(2)(vj) =
1
c
exp
(
−
1
2cπ
∫ B
−B
du t(vj , u)
)
, j = 1, . . . , b.
(4.11)
Note that these weights contain an explicit factor of c−1; this factor comes from our choice of
normalization of the Bethe states and thus the form factors. This factor is not included in the
ω-function found in the works [1–3, 7]; instead it is carried by their form factors.
In the thermodynamic limit the remaining part of (4.6), det Gˆ(u¯, v¯) leads to a Fredholm de-
terminant with the kernel K, similarly to the algebra symmetry gl(2) related models [3]:
det Gˆ = det
(
I− K̂
)
, (4.12)
K̂
[
F (1)(u)
F (2)(v)
]
≡
1
c

−
∫ B
−B
du K(u, uk)F
(1)(u)
∫ Q
−Q
du t(vk, u)F
(1)(u)
−
∫ B
−B
dv t(v, uk)F
(2)(v) 0
 . (4.13)
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Since det Gˆ(u¯j, v¯) and det Gˆ(u¯, v¯j) become the same Fredholm determinant in the thermodynamic
limit,
det Gˆ(u¯j, v¯)/ det Gˆ(u¯, v¯) = det Gˆ(u¯, v¯j)/Gˆ(u¯, v¯) = 1 +O(L
−1). (4.14)
In the case u¯I = u¯j1,...,jk (or v¯I = v¯j1,...,jk) the same recipe can be applied with minor changes.
Each uj1, . . . , ujk (and each vj1, . . . , vjk) will produce a corresponding density function in the
denominators of (4.10) and the corresponding weight in the exponent. The approach remains
valid as long as we restrain ourselves to #v¯I ∼ #v¯ and #u¯I ∼ #u¯. In practice we always truncate
the series (3.35) to small values of #u¯II, #v¯II, so this restriction is always respected.
4.3 Thermodynamic limit of the expansion formula
Now we are able to take thermodynamic limit of (3.35). Repeating the steps from [43] and taking
into account (4.6), (4.10), (4.14) we arrive at the following expression
〈O〉 =
∞∑
m,n=0
1
m!n!
∫ B
−B
dt¯
(2π)m
∫ Q
−Q
ds¯
(2π)n
ω(1)(t¯)ω(2)(s¯)Fm,n (t¯; s¯) , (4.15)
where #t¯ = m and #s¯ = n. This is one of our main results; it can be considered as a generaliza-
tion of the LeClair-Mussardo formula to nested Bethe Ansatz systems. The computation of the
symmetric form factors entering the series is presented in Section 5.
It can be shown that formally the same series also holds in the case of algebra symmetry gl(3).
The only difference is the replacement of the functions ω(2)(v¯) by
ω(2)(vj) =
1
c
exp
(
1
2cπ
∫ Q
−Q
dv K(v, vj)−
1
2cπ
∫ B
−B
du t(vj , u)
)
, j = 1, . . . , b, (4.16)
under the integral and in the explicit form of the coefficients Fm,n.
4.4 Thermodynamic limit of the connected form factor series
It can be shown absolutely similarly to a case of algebra symmetry gl(2) related models [43] that
the thermodynamic limit of the expansion theorem using the connected form factors is given by
〈O〉 =
∞∑
m,n=0
1
m!n!
∫ B
−B
dt¯
(2πc)m
∫ Q
−Q
ds¯
(2πc)n
Fcm,n (t¯; s¯) . (4.17)
5 Correlation functions
The techniques developed above allow to expand correlation functions in a series of form factors
(symmetric or connected). The representation is given by an infinite integral series, and it is a
natural question whether it is possible to obtain meaningful expressions for correlators via this
series.
In the case of the Lieb-Linger gas it was observed that the series similar to (4.15) has very good
convergence in the strong coupling limit [1, 3, 43]. This was also justified from the field theory limit
and checked numerically in [77, 78] for the case of correlator (ψ†)k(ψ)k, k = 2, 3. Furthermore,
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the expansion of correlation functions using relatively similar to our approach studied by [2, 3]
also possess good convergence.
We expect that the similar properties will hold in the two-component models. We show
below, that in the spin-1/2 fermion model the convergence is guaranteed if the two dimensionless
parameters Q/c and B/c are small. Smallness of the two combinations corresponds to the strong
coupling and strong imbalance between the components with different spin projections.
5.1 Generating functions
As it was pointed in Section 3.2 we expect that the LM-series can be applied also in the non-
fundamental models, despite that it is often not easy to express physical operators via the mon-
odromy matrix entries in the general case. Often it can be done by proper scaling limit from
the fundamental model; here, however, we use an approach that allows to compute the two-point
correlation functions in a more direct way.
We denote by L the system size, the segment [0, x] will be referred as the first subsystem
while [x, L] will be the second. Consider the generating function for the form factors of diagonal
operators exp
(
αQ(1)
)
, here αQ(1) = α1Q
(1)
1 + α2Q
(1)
2 , where Q
(1)
k , k = 1, 2 are operators that
measure the numbers of particles of type k in the subsystem 1 and α1, α2 we call twist parameters.
The generating function exp (αQ1) contains enough information so that it yields both the one-
point and two-point correlators. It is proven in Appendix A, that using the concept of the partial
model (see description after (2.22)), similarly to the case of the algebra symmetry gl(2) related
models, the (un-normalized) form factor of O = exp
(
αQ(1)
)
can be presented as
〈u¯C; v¯C|O|u¯B; v¯B〉 = 〈u¯C; v¯C| exp
(
αQ(1)
)
|u¯B; v¯B〉 =
∑ ℓ1(u¯CII )ℓ3(v¯BI )
ℓ1(u¯BII )ℓ3(v¯
C
I
)
g(v¯C
II
, v¯C
I
)g(v¯B
I
, v¯B
II
)
×f(v¯C
I
, u¯C
I
)f(v¯B
II
, u¯B
II
)f(u¯C
I
, u¯C
II
)f(u¯B
II
, u¯B
I
)Θαa1,b2 (u¯
B
I
; u¯C
I
|v¯B
II
; v¯C
II
)Θαa2,b1 (u¯
B
II
; u¯C
II
|v¯B
I
; v¯C
I
) ,
(5.1)
where it is understood that {u¯B, v¯B} and {u¯C, v¯C} satisfy BAE (2.32) with a trivial twist κ1 =
κ2 = κ3 = 1. In the formula above Θ
α
m,n is a quantity that will be called the highest coefficient
following [1, 3]7. It is proven in Appendix A that it coincides with a scalar product of the on-shell
and the twisted-on-shell Bethe vectors with a twist α = {α1, 0, α2}:
Θαa,b(u¯
B; u¯C|v¯B; v¯C) = 〈u¯C; v¯C|u¯B; v¯B〉, #u¯B = #u¯C = a, #v¯B = #v¯C = b. (5.2)
Here ℓi = r
(1)
i , i = 1, 3 (partial ri, that describe the first subsystem, see the description above
(2.24)).
Correlation functions of densities can be expressed via the generating function using the gen-
eration functions. Thus in the case of Gaudin-Yang model
Q
(1)
i =
∫ x
0
dz qi(z), Q
(2)
i =
∫ L
x
dz qi(z), (5.3)
〈q(x)q(0)〉 = −
1
2
∂2
∂x2
∂2
∂α22
〈
exp
(
αQ(1)
)〉∣∣∣∣
α=0
, (5.4)
7Not to be confused with the highest coefficient Za,b of the scalar product of two Bethe vectors used in earlier
section 3. We use the same expression due to historical reasons.
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and
〈q(x)q↓(0)〉 =
∂2
∂x2
∂2
∂α1∂α2
〈
exp
(
α1Q
(1)
1 + α2Q
(2)
2
)〉∣∣∣∣
α=0
= −
∂2
∂x2
∂2
∂α1∂α2
〈
eα2b exp
(
αQ(1)
)〉∣∣∣∣
α=0
.
(5.5)
Here Q
(2)
2 = b−Q
(1)
2 is a particle number in the second subsystem [x, L], and in the last formula
we replace α2 → −α2 that just changes the common sign. Notation α = 0 here and further means
that α1 = α2 = 0.
In a similar way correlators in other models can be expressed via derivatives of 〈exp(αQ(1))〉
(for example correlators of electrons densities in super-symmetric t-J model, densities in the Fermi-
Bose mixtures). For the lattice models the derivatives w.r.t. x would be naturally replaced by the
finite differences.
Taking the second derivative of (5.1) w.r.t. αs, s = 1, 2 at α = 0 and taking into account, that
Θα=0m,n (u¯
B; u¯C|v¯B; v¯C) = δm,0δn,0 due to the orthogonality of the on-shell Bethe vectors, we arrive at
∂2
∂αi∂αj
〈u¯C; v¯C|O|u¯B; v¯B〉
∣∣∣∣
α=0
= 2
∑
a1,b1
ℓ1(u¯
C
II
)ℓ3(v¯
B
I
)
ℓ1(u¯BII )ℓ3(v¯
C
I
)
g(v¯C
II
, v¯C
I
)g(v¯B
I
, v¯B
II
)
×f(v¯C
I
, u¯C
I
)f(v¯B
II
, u¯B
II
)f(u¯C
I
, u¯C
II
)f(u¯B
II
, u¯B
I
)
∂
∂αi
Θa1,b2 (u¯
B
I
; u¯C
I
|v¯B
II
; v¯C
II
)
∂
∂αj
Θa2,b1 (u¯
B
II
; u¯C
II
|v¯B
I
; v¯C
I
)
+
ℓ1(u¯
C)ℓ3(v¯
B)
ℓ1(u¯B)ℓ3(v¯C)
∂2
∂αi∂αj
Θa,b (u¯
C; u¯B|v¯C; v¯B) +
∂2
∂αi∂αj
Θa,b (u¯
C; u¯B|v¯C; v¯B) ,
(5.6)
here the derivatives are taken at α = 0, we omit superscript α in this case, and the operator in
question is O = exp(αQ(1)). The terms with #u¯C
II
= #u¯B
II
= a2 = a, #v¯
C
I
= #v¯B
I
= b1 = b and
#u¯C
I
= #u¯B
I
= a1 = a, #v¯
C
II
= #v¯B
II
= b2 = b are written separately and 0 ≤ a1 ≤ a, 0 ≤ b1 ≤ b
with the restriction that the summation over {a1, b1} excludes the cases {0, 0} and {a, b}.
Proposition 5.1. If ℓ1(u
C) = 1, ℓ1(u
B) = 1, ℓ3(v
C) = 1, ℓ3(v
B) = 1 then
∂2
∂αi∂αj
〈u¯C; v¯C|O|u¯B; v¯B〉
∣∣∣∣
α=0
= 0. (5.7)
Proof. Following the arguments of [1, 3] we consider a special model in which the monodromy
matrix of the first subsystem is given by the unit matrix
T1(u) = diag{1, 1, 1}. (5.8)
In this model ℓ1 = 1 and ℓ3 = 1. Since T12(u), T13(u) and T23(u) are equal to zero and(
Qk1Q
j
1
)
|u¯; v¯〉 = 0 for k, j = 1, 2, we realize that ∂αi∂αj〈O〉a,b = 0 in the case ℓ1 = ℓ3 = 1.

As an obvious consequence of the proposition 5.1 we can rewrite (5.6) as
∂2
∂αi∂αj
〈u¯C; v¯C|O|u¯B; v¯B〉
∣∣∣∣
α=0
=
(
ℓ1(u¯
C)ℓ3(v¯
B)
ℓ1(u¯B)ℓ3(v¯C)
− 1
)
∂2
∂αi∂αj
Θa,b (u¯
C; u¯B|v¯C; v¯B)
+2
∑
a1,b1
(
ℓ1(u¯
C
II
)ℓ3(v¯
B
I
)
ℓ1(u¯BII )ℓ3(v¯
C
I
)
− 1
)
g(v¯C
II
, v¯C
I
)g(v¯B
I
, v¯B
II
)f(u¯C
I
, u¯C
II
)f(u¯B
II
, u¯B
I
)
×f(v¯C
I
, u¯C
I
)f(v¯B
II
, u¯B
II
)
∂
∂αi
Θa1,b2 (u¯
B
I
; u¯C
I
|v¯B
II
; v¯C
II
)
∂
∂αj
Θa2,b1 (u¯
B
II
; u¯C
II
|v¯B
I
; v¯C
I
) .
(5.9)
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5.2 Computation of the symmetric form factors
In order to calculate correlators using (2.8) the explicit expressions for the symmetric form factors
Fm,n is required.
We do not have an efficient algorithm for the calculation of Fm,n and Iˆa,b; k,l, however particular
cases of small particle numbers can be considered. We can apply the formula (5.9), and the
remaining task is to substitute the representation for highest coefficient of correlation function
there. These explicit representations of Θαm,n were derived in a compact determinant form in [76]:
Θκm,n(u¯
C, u¯B|v¯B, v¯C) = g(u¯B, v¯C)∆g(u¯
B)∆g(v¯
C)∆′g(u¯
C)∆′g(v¯
C)h(u¯B, u¯B)h(v¯C, u¯B) detN . (5.10)
Here the block matrix N is defined as
N11 = t(u
C
j , u
B
k )
f(v¯B, uBk )h(u¯
C, uBk )
f(v¯C, uBk )h(u¯
B, uBk )
+ κ1t(u
B
k , u
C
j )
h(uBk , u¯
C)
h(uBk , u¯
B)
, j = 1, . . . , m, k = 1, . . . , m,
N12 = κ1t(v
C
k , u
C
j )
h(vCk , u¯
C)
h(vCk , u¯
B)
, j = 1, . . . , m, k = 1, . . . , n,
N21 =
g(uBk , v¯
B)
g(uBk , v¯
C)
(
g(uBk , v
C
j ) +
κ2/κ1
h(vCj , u
B
k )
)
, j = 1, . . . , n, k = 1, . . . , m,
N22 = δjk
g(vCk , v¯
B)
g(vCk , v¯
C
k )
(
1− κ2
f(vCk , u¯
C)
f(vCk , u¯
B)
)
, j = 1, . . . , n, k = 1, . . . , n.
(5.11)
Here we denote κi = e
αi , where α is defined in (5.9). Thus, it remains to calculate the sums over
partitions in (5.9). In general this is a complicated problem even for the algebra symmetry gl(2)
based models. However, for small a, b it is easy to obtain the results, since the sums contain only
few terms in these cases.
Further in this section we restrict ourselves to the Gaudin-Yang model. We consider here
the case of repulsion, i.e. coupling constant c > 0. It was shown by [61] that there are no string
solutions of the Bethe equations in this case. The case of attractive interaction will be considered in
a separate work since it requires a consideration of the string solutions. Notice, that in comparison
with (2.2) our Bethe equations (2.32), (4.1) differ by shift v → v + ic/2. Thus, further in this
Section we will assume the shift of v by −ic/2 every time we discuss the Gaudin-Yang model8.
We remind that in the Gaudin-Yang model r3(v) = e
iLv, r1(u) = 1 and ℓ3(v) = e
ixv, ℓ1(u) = 1.
5.3 Symmetric form factor
Consider the symmetric form factors for the correlators of densities. We take the diagonal limit
vC → vB, uC → uB in (5.9) as defined in (2.7).
Obviously, symmetric form factor can be expanded into a Fourier-like series
Fa,b =
∑(ℓ1(u¯2)ℓ3(v¯1)
ℓ1(u¯1)ℓ3(v¯2)
− 1
)
An,ma,b (u¯1; u¯2; u¯3|v¯1; v¯2; v¯3) . (5.12)
The sum is taken over partitions u¯→ {u¯1, u¯2, u¯3}, v¯ → {v¯1, v¯2, v¯3} with restrictions #v¯1 = #v¯2 =
m, #u¯1 = #u¯2 = n. We want to stress, that there are terms in (5.12) where v¯1 = v¯2, and thus
these terms do not contain oscillating exponents at all.
8Thus, for example, we use t(v, u) = − c
2
(v−u)2+c/4
, f(v, u) = v−u+ic/2v−u−ic/2 , etc.
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In models where ℓ1 = 1, such as the Gaudin-Yang model, we are not able to distinguish
different “modes” in Fourier series. Thus we make the expansion w.r.t. ℓ3. Then Ana,b has only
one superscript n = #v¯, and the expansion is defined as
Fa,b =
∑(ℓ3(v¯−)
ℓ3(v¯+)
− 1
)
Ana,b
(
u¯|v¯+; v¯−; v¯0
)
. (5.13)
5.4 Symmetric form factor Fn,m for 〈q(x)q(0)〉
We denote Fourier coefficient in front of oscillating parts of correlation function as Ia,b. One and
two particles oscillating parts are given by
I0,0 = 0, I1,0 = 0, I0,1 = 0, (5.14)
I0,2(v¯) = A
1
0,2 (v1, v2) (ℓ3(v1)/ℓ3(v2)− 1) +A
1
0,2 (v2, v1) (ℓ3(v2)/ℓ3(v1)− 1) , (5.15)
where
A10,2(v1, v2) = −2g
2(v1, v2), (5.16)
and
I1,1(u; v) = 0, I2,0 = 0. (5.17)
Here Aik,l are the Fourier coefficients introduced in (5.13). Three particle oscillating parts are
given by
I3,0(u¯) = 0, I0,3(v¯) = 0, I2,1(u¯; v¯) = 0, (5.18)
I1,2 (u¯; v¯) = A
1
1,2 (v1, v2, u1) (ℓ3(v1)/ℓ3(v2)− 1) +A
1
1,2 (v2, v1, u1) (ℓ3(v2)/ℓ3(v1)− 1) , (5.19)
where
A11,2 (v1, v2, u1) = 4g
2(v1, v2)
g(v2, u1)
h(v1, u1)
. (5.20)
I3,1, I2,2, etc. can be calculated too, but the explicit formulas for them become quite lengthy.
One particle F are
F1,0 = 0, F0,1 = 0. (5.21)
Two and three particle form factors are
F0,2 =
∂2
∂x2
I0,2
+
∂2
∂x2
 ∑
v¯→{v1,v2}
(
ℓ3(v
C
1 )
ℓ3(vB1 )
− 1
)
∂
∂α2
Θ0,1 (∅;∅|v
C
1 ; v
B
1 )
∂
∂α2
Θ0,1 (∅;∅|v
C
2 ; v
B
2 )

∣∣∣∣∣∣
v¯C→v¯B
,
(5.22)
where the second (non-oscillating) term is
∂2
∂x2
(
ℓ3(v¯
C
1 )
ℓ3(v¯B1 )
− 1
)
∂
∂α2
Θ0,1 (∅;∅|v
C
1 ; v
B
1 )
∂
∂α2
Θ0,1 (∅;∅|v
C
2 ; v
B
2 )
∣∣∣∣
v¯C→v¯B
= 4c2. (5.23)
Furthermore
F1,1 =
∂2
∂x2
I1,1 = 0, F2,1 =
∂2
∂x2
I2,1 = 0. (5.24)
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F0,3 =
∂2
∂x2
(
ℓ3(v¯
C)
ℓ3(v¯B)
− 1
)
∂2
∂α22
Θ1,2 (u
C; uB|v¯C; v¯B) +
∂2
∂x2
I0,3 = 0, (5.25)
and
F1,2 =
∂2
∂x2
I1,2
+
∂2
∂x2
∑
v¯→{v¯1,v¯2}
(
ℓ3(v¯
C
1 )
ℓ3(v¯
B
1 )
− 1
)
∂
∂α2
Θ1,1(u
C; uB|v¯C1 ; v¯
B
1 )
∂
∂α2
Θ0,1 (∅;∅|v¯
C
2 ; v¯
B
2 )
∣∣∣∣
u¯C→u¯B,
v¯C→v¯B
,
(5.26)
where the second (non-oscillating) term is
−4c2 {t(v1, u1) + t(v2, u1)} . (5.27)
We can now argue that the series (4.15) converges. We follow again the arguments of [1, 3].
We observe, that at large c Fa,bω
(1)ω(2) are suppressed by the power c2−a−b. Using explicitly
expressions for Fm,n it is easy to estimate now that n,m particle contributions behave as(
B
c
)n(
Q
c
)m
. (5.28)
This shows that the series has good convergence properties if both parameters are small.
5.5 Symmetric form factor Fn,m for 〈q↑(x)q↓(0)〉
Consider the symmetric form factor for correlators of densities of particles with the different
projections of spins. The oscillating parts with up to two particles are
I0,0 = 0, I1,0 = 0 I0,1 = 0, (5.29)
I2,0(u¯) = 0, I0,2(v¯) = 0, I1,1(u; v) = 0. (5.30)
Three particle contributions are given by
I3,0(u¯) = 0, I0,3(v¯) = 0, I2,1(u¯; v¯) = 0, (5.31)
I1,2 (u¯; v¯) = A
1
1,2 (v1, v2, u1) (ℓ3(v1)/ℓ3(v2)− 1) +A
1
1,2 (v2, v1, u1) (ℓ3(u2)/ℓ3(u1)− 1) , (5.32)
where
A11,2 (v1, v2, u1) = 2g
2(v1, v2)
g(v2, u1)
h(v1, u1)
. (5.33)
Taking into account terms proportional to J ≡ ℓ1(u¯C)/ℓ1(u¯B)− 1 we obtain the symmetric form
factors.
F1,0 = 0, F0,1 = 0. (5.34)
F0,2 =
∂2
∂x2
I0,2 = 0, F1,1 =
∂2
∂x2
I1,1 = 0, F2,1 =
∂2
∂x2
I2,1 = 0. (5.35)
F1,2 =
∂2
∂x2
I1,2
+
∂2
∂x2
 ∑
v¯→{v¯1,v¯2}
(
ℓ3(v¯
C
1 )
ℓ3(v¯B1 )
− 1
)
∂
∂α1
Θ1,1 (u
C; uB|v¯C1 ; v¯
B
1 )
∂
∂α2
Θ0,1 (∅;∅|v¯
C
2 ; v¯
B
2 )
}∣∣∣∣∣∣
u¯C→u¯B ,
v¯C→v¯B
,
(5.36)
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where the second (non-oscillating) term in (5.36) is
−2c2 {t(v1, u1) + t(v2, u1)} . (5.37)
F0,3 = 0, F3,0 = 0. (5.38)
We observe, that Fa,bω
(1)ω(2) at large c is suppressed by the power c2−a−b in the case of the mixed
densities correlator too.
5.6 The limit of large imbalance
Here we show that if we fix Q/c, then the limit of small B/c corresponds to large imbalance.
In the repulsive Gaudin-Yang model the ground state consists of only real roots and the
densities of Bethe parameters satisfy the system of integral equations (4.1) with p′1(x) = 0 and
p′2(x) = 1. The densities of fermions are given by
n = n↑ + n↓ =
∫ Q
−Q
dλ ρ2(λ),
n↓ =
∫ B
−B
dλ ρ1(λ).
(5.39)
The integral equations (4.1) can be solved iteratively by assuming a small B/c parameter.
In the first approximation the integrals over ρ1(λ) can be approximated simply by ρ1(0). This
gives
ρ2(v) =
1
2π
+ 2B
1
2π
t(v, 0)ρ1(0),
ρ1(u) = −2B
1
2π
K(u, 0)ρ1(0) +
∫ Q
−Q
dw
2π
t(w, u)ρ2(w).
(5.40)
Combining the two equations we get:
ρ1(u) =
B
π
ρ1(0)
[
−K(u, 0) +
∫ Q
−Q
dw
2π
t(w, u)t(w, 0)
]
+
1
2π
∫ Q
−Q
dw
2π
t(w, u). (5.41)
Explicit evaluation of the last integral gives
ρ1(0) =
1
π2
arctan(2Q/c) +O(B/c), (5.42)
which in turn leads to
n↓ =
∫ B
−B
du ρ1(u) =
2B
π2
arctan(2Q/c) +O(B2/c2). (5.43)
Regarding the total density we have
n =
Q
π
+ 2B
∫ Q
−Q
dv
2π
t(v, 0)ρ1(0) +O(B
2/c2) =
Q
π
+
4B
π3
arctan2(2Q/c) +O(B2/c2). (5.44)
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The last two equations determine n↑/↓ including up to first order in B.
Note that these equations are exact in Q/c. It is straightforward to perform a further expansion
in Q/s, if it is needed for some purpose.
Let us also compute the local 2-body correlations in this expansion. It follows from the form
of the Hamiltonian and the Hellmann-Feynman theorem that
〈q(0)q(0)〉 = 2 〈q↑(0)q↓(0)〉 =
1
L
∂E0
∂c
, (5.45)
where E0 is the energy of the ground state at fixed particle densities. For the energy density the
leading terms in the expansion in B/c are known, see for example formula (2.123) of [79] which
includes even the O(B2/c2) corrections. The linear term can be computed using the expansion of
the densities above. In our conventions it reads
E0
L
=
π2n3
3
− n↓
{(
c2
2π
+ 2πn2
)
tan−1(2πn/c)− cn
}
+O(n2↓). (5.46)
Taking a derivative with respect to c, while keeping n and n↓ fixed we obtain
〈q(0)q(0)〉 = 2 〈q↑(0)q↓(0)〉 =
8π2n↓n
3
3c2
+O(n2↓). (5.47)
Combining this with the expansion (5.43)-(5.44) we see that
〈q↑(0)q↓(0)〉 =
32Q4B
3πc3
× (1 +O(B/c) +O(Q2/c2)). (5.48)
5.7 Correlation functions
Now using (4.15), (5.4), (5.5) and F, calculated in the section 5.2, we are able to calculate the
correlation functions of the highly polarized gas in a strong coupling regime explicitly.
For the first two terms we get
〈q(x)q(0)〉 =
1
2 · 2!
∫ Q
−Q
∫ Q
−Q
dv¯
(2π)2
F0,2(∅; v¯) +
1
2 · 2!
∫ Q
−Q
∫ Q
−Q
∫ B
−B
dv¯du
(2π)3
F1,2(u; v¯). (5.49)
Nontrivial symmetric form factors are
F0,2(∅; v¯)ω
(2)(v¯) =
(
−2
(
eiv12x + eiv21x
)
+ 4
)
e−8B/(πc) +O(1/c),
F1,2(u; v¯)ω
(1)(u¯)ω(2)(v¯) = −
16
c
(
eiv12x + eiv21x
)
+
32
c
+O(1/c2).
(5.50)
After substitution to (5.49) we get immediately
〈q(x)q(0)〉 =
(
Q2
π2
−
sin2(Qx)
x2π2
)
e−8B/(πc) +
8Q2B
π3c
−
8B sin2(Qx)
π3x2c
+O(c−2)
=
(
Q2
π2
−
sin2(Qx)
x2π2
)
+O(c−2).
(5.51)
In the same way substituting non trivial symmetric form factors of 〈q↑(x)q↓(0)〉
F1,2(u; v¯)ω
(1)(u¯)ω(2)(v¯) = −
8
c
(
eiv12x + eiv21x
)
+
16
c
+O(1/c2) (5.52)
to (5.49) we get
〈q↑(x)q↓(0)〉 =
4Q2B
π3c
−
4B sin2(Qx)
π3x2c
+O(c−2). (5.53)
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Conclusion
In this work we computed the LeClair-Mussardo series for the correlation functions in models
related to algebra symmetries gl(2|1) and gl(3). We presented two versions involving the symmetric
and connected form factors. It is important that even though we focused on the particular example
of the spin-1/2 Fermions, the expansion theorems are model independent and could be applied in
other situations as well.
An important finding is that the symmetric and connected form factors that enter the LM
series do not satisfy the same selection rules as the on-shell Bethe states i.e. form factors can be
non-zero even when the corresponding on-shell Bethe states do not exist. In our computations
this is just a result of the algebraic procedure with which we obtained them. We believe that the
physical reason for this is that such form factors describe multi-particle processes in the presence
of the other particles, therefore it is not required that the same selection rules should hold as in
a situation where the same particles are placed in the vacuum [36, 38, 43, 62].
In our concrete example we only treated the ground state of the Gaudin-Yang model, which
consists only of real roots. In a future work we also plan to treat cases with string solutions.
This allows to proceed to computations of finite temperature and dynamical correlation functions.
Another focus is to study the two-component Bose gas, related to the algebra symmetry gl(3).
Furthermore, we plan to extend this method to other models. At present there are very few
results for correlation functions in spin chains with higher rank symmetries, especially in models
with o(N) symmetry (see for example [50]). Our method could be helpful in finding new results.
Also, it would be interesting to consider the sine-Gordon model, whose finite volume mean values
were investigated in [80, 81]. As far as we know, it is not yet clear whether a finite volume
expansion theorem exists in that model. Our results could be helpful in settling this issue.
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A Appendix
Here we give a proof of (5.1). We follow the method used in [1, 3, 82].
In models based on the algebra symmetry gl(2|1) the off-shell Bethe vectors satisfy the following
co-product property
|u¯; v¯〉 =
∑
r
(2)
1 (u¯
B
I
)r
(1)
3 (v¯
B
II
)f−1(v¯B
II
, u¯B
I
)|u¯B
I
; v¯B
I
〉(1) ⊗ |u¯B
II
; v¯B
II
〉(2)f(u¯B
II
, u¯B
I
)g(v¯B
II
, v¯B
I
), (A.1)
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here the superscripts (i), i=1,2 label explicitly that these quantities belong to the corresponding
subsystems. The similar property for a dual Bethe vector is
〈u¯; v¯| =
∑
r
(1)
1 (u¯
C
II
)r
(2)
3 (v¯
C
I
)f−1(v¯C
I
, u¯C
II
)(1)〈u¯C
I
; v¯C
I
| ⊗ (2)〈u¯C
II
; v¯C
II
|f(u¯C
I
, u¯C
II
)g(v¯C
I
, v¯C
II
). (A.2)
The operator Q
(1)
i , i = 1, 2 counts the number of particles of type i in subsystem 1. Operator
exp
(
αQ(1)
)
acting on Bethe vectors of first subsystem produces the factor κa11 κ
b1
2 = exp(α1a1 +
α2b1), where a1, b1 are numbers of particles in the first subsystem, i.e. the eigenvalue of Q
(1)
i . Let
us consider simplest example i = 1, the general case exp
(
α1Q
(1)
1 + α2Q
(2)
2
)
can be proven in the
same way. From the co-product property of Bethe vectors in the algebra symmetry gl(2|1) based
models we can write the following representation for the (un-normalized) matrix elements of the
exponent exp
(
αQ
(1)
1
)
〈u¯C; v¯C| exp
(
αQ
(1)
1
)
|u¯B; v¯B〉 =
∑
κ
a1
1
r
(1)
1 (u¯
C
II
)r
(2)
1 (u¯
B
I
)r
(2)
3 (v¯
C
I
)r
(1)
3 (v¯
B
II
)
f(v¯B, u¯B)f(v¯C, u¯C)
f(v¯C
II
, u¯C
I
)f(v¯B
I
, u¯B
II
)
×S1 (u¯
C
I
; v¯C
I
|u¯B
I
; v¯B
I
)S2 (u¯
C
II
; v¯C
II
|u¯B
II
; v¯B
II
) f(u¯C
I
, u¯C
II
)f(u¯B
II
, u¯B
I
)g(v¯C
I
, v¯C
II
)g(v¯B
II
, v¯B
I
),
(A.3)
where Sℓ, ℓ = 1, 2 are scalar products of the partial Bethe vectors (A.1).
Substituting now the scalar products S1, S2 in form (3.2) into (A.3) we get
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〈u¯C; v¯C| exp
(
αQ(1)
)
|u¯B; v¯B〉 =
∑
κ
a1
1
r
(1)
1 (u¯
C
II
)r
(2)
1 (u¯
B
I
)r
(2)
3 (v¯
C
I
)r
(1)
3 (v¯
B
II
)
f(v¯B, u¯B)f(v¯C, u¯C)
×f(v¯C
II
, u¯C
I
)f(v¯B
I
, u¯B
II
)f(u¯C
I
, u¯C
II
)f(u¯B
II
, u¯B
I
)g(v¯C
I
, v¯C
II
)g(v¯B
II
, v¯B
I
)
×r(1)1 (u¯
B
1 )r
(1)
1 (u¯
C
2 )r
(1)
3 (v¯
B
1 )r
(1)
3 (v¯
C
2 )f(u¯
C
1 , u¯
C
2 )f(u¯
B
2 , u¯
B
1 )g(v¯
C
2 , v¯
C
1 )g(v¯
B
1 , v¯
B
2 )
×f(v¯C1 , u¯
C
1 )f(v¯
B
2 , u¯
B
2 )Za1−k1,n1(u¯
C
2 ; u¯
B
2 |v¯
C
1 ; v¯
B
1 )Zk1,b1−n1(u¯
B
1 ; u¯
C
1 |v¯
B
2 , v¯
C
2 )
×r(2)1 (u¯
B
3 )r
(2)
1 (u¯
C
4 )r
(2)
3 (v¯
B
3 )r
(2)
3 (v¯
C
4 )f(u¯
C
3 , u¯
C
4 )f(u¯
B
4 , u¯
B
3 )g(v¯
C
4 , v¯
C
3 )g(v¯
B
3 , v¯
B
4 )
×f(v¯C3 , u¯
C
3 )f(v¯
B
4 , u¯
B
4 )Za2−k2,n2(u¯
C
4 ; u¯
B
4 |v¯
C
3 ; v¯
B
3 )Zk2,b2−n2(u¯
B
3 ; u¯
C
3 |v¯
B
4 ; v¯
C
4 ),
(A.4)
where the sets are divided as u¯B
I
= {u¯B1 , u¯
B
2 }, u¯
B
II
= {u¯B3 , u¯
B
4 }, v¯
B
I
= {v¯B1 , v¯
B
2 }, v¯
B
II
= {v¯B3 , v¯
B
4 } and in
the same way for {u¯C
I
, u¯C
II
, v¯C
I
, v¯C
II
}.
Further computations are quite bulky but very simple. We want to regroup the factors under
the sum over partition in order to extract the highest coefficients explicitly and express (A.4) via
them. We make some simplification of the long pre-factors separately:
f(u¯C1 , u¯
C
3 )f(u¯
C
2 , u¯
C
3 )f(u¯
C
1 , u¯
C
4 )f(u¯
C
2 , u¯
C
4 )f(u¯
C
1 , u¯
C
2 )f(u¯
C
3 , u¯
C
4 )
= f(u¯C2 , u¯
C
3 )f(u¯
C
1 , u¯
C
4 )f(u¯
C
1 , u¯
C
23)f(u¯
C
23, u¯
C
4 ). (A.5)
Here u¯α,β = {u¯α, u¯β}, α, β = 1, 4. In the same way we transform factors depending on u¯
B
α, u¯
B
β .
Further, we express all r
(1)
3 (v¯
C
i ) via r
(2)
3 (v¯
C
i ) and total r3(v¯
C
i ), and substitute Bethe equations for
r3(v¯
C
i ). Thus
g(v¯C1 , v¯
C
3 )g(v¯
C
2 , v¯
C
3 )g(v¯
C
1 , v¯
C
4 )g(v¯
C
2 , v¯
C
4 )g(v¯
C
2 , v¯
C
1 )g(v¯
C
4 , v¯
C
3 )r
(2)
3 (v¯
C
1 )r
(2)
3 (v¯
C
2 )r
(1)
3 (v¯
C
2 )r
(2)
3 (v¯
C
4 )
= (−1)#v¯2·#v¯14g(v¯C14, v¯
C
23)g(v¯
C
2 , v¯
C
3 )g(v¯
C
1 , v¯
C
4 )f(v¯
C
2 , u¯
C)r
(2)
3 (v¯
C
14), (A.6)
9In this Appendix we use notation u¯α, where α = 1, . . . , 4 are labels of subsets. These subscripts should not be
understand as a shorthand notation (2.16).
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and we express all r
(2)
3 (v¯
B
i ) via r
(1)
3 (v¯
B
i ) and total r3(v¯
B
i ), and substitute Bethe equations for r3(v¯
B
i )
g(v¯B3 , v¯
B
1 )g(v¯
B
4 , v¯
B
1 )g(v¯
B
3 , v¯
B
2 )g(v¯
B
4 , v¯
B
2 )g(v¯
B
1 , v¯
B
2 )g(v¯
B
3 , v¯
B
4 )r
(1)
3 (v¯
B
3 )r
(1)
3 (v¯
B
4 )r
(1)
3 (v¯
B
1 )r
(2)
3 (v¯
B
3 )
= (−1)#v¯3·#v¯14g(v¯B4 , v¯
B
1 )g(v¯
B
3 , v¯
B
2 )g(v¯
B
14, v¯
B
23)f(v¯
B
3 , u¯
B)r
(1)
3 (v¯
B
14). (A.7)
Further we collect the rest of the factors
f(v¯C3 , u¯
C
1 )f(v¯
C
4 , u¯
C
1 )f(v¯
C
3 , u¯
C
2 )f(v¯
C
4 , u¯
C
2 )f(v¯
C
1 , u¯
C
1 )f(v¯
C
3 , u¯
C
3 )
= f(v¯C3 , u¯
C
23)f(v¯
C
14, u¯
C
1 )f(v¯
C
3 , u¯
C
1 )f(v¯
C
4 , u¯
C
2 ). (A.8)
In a similar way simplifications for sets {u¯B, v¯B} can be performed. Finally we make some simpli-
fication of pre-factor with r
(j)
1 , r
(k)
3 :
r
(1)
1 (u¯
C
3 )r
(1)
1 (u¯
C
4 )r
(2)
1 (u¯
B
1 )r
(2)
1 (u¯
B
2 )r
(1)
1 (u¯
B
1 )r
(1)
1 (u¯
C
2 )r
(2)
1 (u¯
B
3 )r
(2)
1 (u¯
C
4 )
= r1(u¯
B
1 )r1(u¯
C
4 )r
(1)
1 (u¯
C
23)r
(2)
1 (u¯
B
23). (A.9)
Substituting (A.5)–(A.9) in the (A.4) we arrive at
〈u¯C; v¯C| exp
(
αQ
(1)
1
)
|u¯B; v¯B〉 =
∑
κ
a1
r
(1)
1 (u¯
C
23)r
(2)
1 (u¯
B
23)r1(u¯
B
1 )r1(u¯
C
4 )r
(2)
3 (v¯
C
14)r
(1)
3 (v¯
B
14)
f(v¯B, u¯B)f(v¯C, u¯C)
×g(v¯B4 , v¯
B
1 )g(v¯
B
2 , v¯
B
3 )g(v¯
B
14, v¯
B
23)f(v¯
B
3 , u¯
B)g(v¯C14, v¯
C
23)g(v¯
C
3 , v¯
C
2 )g(v¯
C
1 , v¯
C
4 )f(v¯
C
2 , u¯
C)
×f(u¯B4 , u¯
B
1 )f(u¯
B
3 , u¯
B
2 )f(u¯
B
23, u¯
B
1 )f(u¯
B
4 , u¯
B
23)f(u¯
C
2 , u¯
C
3 )f(u¯
C
1 , u¯
C
4 )f(u¯
C
1 , u¯
C
23)f(u¯
C
23, u¯
C
4 )
×f(v¯C3 , u¯
C
23)f(v¯
C
14, u¯
C
1 )f(v¯
C
3 , u¯
C
1 )f(v¯
C
4 , u¯
C
2 )f(v¯
B
2 , u¯
B
23)f(v¯
B
14, u¯
B
4 )f(v¯
B
1 , u¯
B
3 )f(v¯
B
2 , u¯
B
4 )
×Za1−k1,n1 (u¯
C
2 ; u¯
B
2 |v¯
C
1 ; v¯
B
1 )Zk2,b2−n2 (u¯
B
3 ; u¯
C
3 |v¯
B
4 , v¯
C
4 )
×Zk1,b1−n1 (u¯
B
1 ; u¯
C
1 |v¯
B
2 ; v¯
C
2 )Za2−k2,n2 (u¯
C
4 ; u¯
B
4 |v¯
C
3 ; v¯
B
3 ) .
(A.10)
We collect now the factors that depend on {v¯B1 , v¯
B
4 }, {v¯
C
1 , v¯
C
4 }, {u¯
B
2 , u¯
B
3 }, {u¯
C
2 , u¯
C
3 }∑
κ
a1−k1
1 Za1−k1,n1 (u¯
C
2 ; u¯
B
2 |v¯
C
1 ; v¯
B
1 )Zk2,b2−n2 (u¯
B
3 ; u¯
C
3 |v¯
B
4 ; v¯
C
4 ) f(v¯
B
1 , u¯
B
3 )f(v¯
C
4 , u¯
C
2 )
× f(u¯C2 , u¯
C
3 )f(u¯
B
3 , u¯
B
2 )g(v¯
C
1 , v¯
C
4 )g(v¯
B
4 , v¯
B
1 ), (A.11)
and also write separately factors that depend on {v¯B2 , v¯
B
3 }, {v¯
C
2 , v¯
C
3 }, {u¯
B
1 , u¯
B
4 }, {u¯
C
1 , u¯
C
4 }∑
κ
k1
1 r1(u¯
B
1 )r1(u¯
C
4 )Zk1,b1−n1 (u¯
B
1 ; u¯
C
1 |v¯
B
2 ; v¯
C
2 )Za2−k2,n2 (u¯
C
4 ; u¯
B
4 |v¯
C
3 ; v¯
B
3 )
×f(v¯B2 , u¯
B
4 )f(v¯
B
14, u¯
B
4 )f(v¯
B
2 , u¯
B
23)f(u¯
B
4 , u¯
B
123)f(u¯
B
23, u¯
B
1 )f(v¯
B
3 , u¯
B)g(v¯B2 , v¯
B
3 )
×f(v¯C3 , u¯
C
1 )f(v¯
C
14, u¯
C
1 )f(v¯
C
3 , u¯
C
23)f(u¯
C
23, u¯
C
4 )f(u¯
C
1 , u¯
C
234)f(v¯
C
2 , u¯
C)g(v¯C3 , v¯
C
2 ).
(A.12)
The last expression requires certain simplification. Consider separately the part of factors that
depends on {v¯Bj , u¯
B
k }
r1(u¯
B
1 )f(v¯
B
2 , u¯
B
234)f(v¯
B
14, u¯
B
4 )f(v¯
B
3 , u¯
B) = f(v¯B23, u¯
B
23)f(v¯
B, u¯B14)f(v¯
B
3 , u¯
B
1 )
f(u¯B1 , u¯
B
234)
f(u¯B234, u¯
B
1 )
, (A.13)
where we used Bethe equations for r1(u¯
B
1 ) and the part of factors depending on {v¯
C
j , u¯
C
k}
r1(u¯
C
4 )f(v¯
C
14, u¯
C
1 )f(v¯
C
3 , u¯
C
123)f(v¯
C
2 , u¯
C) = f(v¯C, u¯C14)f(v¯
C
23, u¯
C
23)f(v¯
C
2 , u¯
C
4 )
f(u¯C4 , u¯
C
123)
f(u¯C123, u¯
C
4 )
. (A.14)
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where we used Bethe equations for r1(u¯
C
4 ). Within (A.13), (A.14) the pre-factor of (A.12) can be
written as
f(v¯B, u¯B14)f(v¯
C, u¯C14)f(v¯
C
23, u¯
C
23)f(v¯
B
23, u¯
B
23)f(u¯
C
14, u¯
C
23)f(u¯
B
14, u¯
B
23)
× f(v¯C2 , u¯
C
4 )f(v¯
B
3 , u¯
B
1 )g(v¯
C
3 , v¯
C
2 )g(v¯
B
2 , v¯
B
3 )f(u¯
C
4 , u¯
C
1 )f(u¯
B
1 , u¯
B
4 ). (A.15)
Finally, collecting (A.11) and simplified (A.12) we can conclude our simplification and rewrite
(A.10) as
〈u¯C; v¯C| exp
(
αQ
(1)
1
)
|u¯B; v¯B〉 =
∑ r(1)1 (u¯C23)r(2)1 (u¯B23)r(2)3 (v¯C14)r(1)3 (v¯B14)
f(v¯B, u¯B)f(v¯C, u¯C)
× g(v¯B14, v¯
B
23)g(v¯
C
14, v¯
C
23)f(v¯
B, u¯B14)f(v¯
C, u¯C14)f(v¯
C
23, u¯
C
23)f(v¯
B
23, u¯
B
23)f(u¯
C
14, u¯
C
23)f(u¯
B
14, u¯
B
23)
×Θαa2−k,b1+n (u¯
B
14; u¯
C
14|v¯
B
23; v¯
C
23)Θ
α
a1+k,b2−n
(u¯B23; u¯
C
23|v¯
B
14; v¯
C
14) . (A.16)
where k = k2 − k1, n = n2 − n1, and new highest coefficients (HC) Θαm,n are defined as
Θαm,n (u¯
C; u¯B|v¯C; v¯B) =
∑
κ
k
1f(u¯
C
II
, u¯C
I
)f(u¯B
I
, u¯B
II
)f(v¯B
I
, u¯B
I
)f(v¯C
II
, u¯C
II
)g(v¯C
I
, v¯C
II
)g(v¯B
II
, v¯B
I
)
×Za−k,n (u¯
C
II
; u¯B
II
|v¯C
I
; u¯B
I
)Zk,b−n (u¯
B
I
; u¯C
I
|v¯B
II
; v¯C
II
) .
(A.17)
From the comparison with (3.2) in case when r1(u
B), r1(u
C), r3(v
B) and r3(v
C) are expressed via
the r.h.s. of the Bethe equations system (2.32) it is clear that Θαm,n coincides with the scalar
product of the on-shell and twisted-on-shell Bethe vectors similarly to the algebra symmetry gl(2)
related models. Thus we reproduce (5.1) up to the renumbering of the sets u¯14 → u¯I, u¯23 → u¯II,
v¯14 → v¯I, v¯23 → v¯II and substitution of r
(2)
i = ri/r
(1)
i , where ri are expressed via BAE.
B Appendix
In this Appendix we present a simple check of the expansion theorem (3.35): we apply it to the
conserved charges Iα of the models. Here α is an index of the charge, which typically follows from
the expansion of the transfer matrix around special points.
In the continuum models the charges are given by the integrals
Hα =
∫
dx qα(x), (B.1)
where qα(x) are the charge density operators
10.
It is known that the mean values of the canonical charge density operators are of the form
〈u¯, v¯|qα|u¯, v¯〉 =
1
L
b∑
i=1
hα(vi), (B.2)
10It is should be noted that in some models, for instance the Lieb-Liniger gas, the real space representations
are ill-defined after the third charge [83], and we expect that similar problems occur also for models of the multi-
component gases. Therefore we restrict ourselves to the well-defined charges, which are the particle densities, the
energy density and H3.
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where hα(v) are the one-particle charge eigenvalues. Note that here only the second level rapidities
v¯ contribute; they are also called the momentum-carrying particles. The formula (B.2) also holds
for the total particle density operator q = q↑ + q↓, in which case h(v) = 1. In the case of the
density q↓ we have formally
〈u¯, v¯|q↓|u¯, v¯〉 =
1
L
a∑
i=1
h(ui), with h(u) = 1. (B.3)
Comparing (B.2) to (3.35) we can compute the symmetric form factors recursively. These results
can then be compared to direct computations of the form factors, eventually confirming (3.35).
We consider the simplest cases of this procedure.
B.1 Symmetric series
Let us denote
ρ(u¯; v¯) = detG (u¯, v¯) . (B.4)
Consider the algebra symmetry gl(2|1) related model with ∂v log r3(v) = ip′L, and r1 = 1. Let us
compute explicitly F of conserved charges for the small values a, b.
For case b = 1, a = 0
F0,1(∅, v1)ρ(∅;∅) + F0,0(∅;∅)ρ(∅; v) = F0,1(∅; v1) = ρ(∅; v1)hα(v1)/L, (B.5)
thus
F0,1(∅; v1) = p
′(v1)hα(v1). (B.6)
For case b = 1, a = 1
F1,1(u1; v1)ρ(∅;∅) + F0,1(∅; v1)ρ(u1;∅)+F1,0(u1;∅)ρ(v1;∅) + F0,0(∅;∅)ρ(v1; u1)
= ρ(v1; u1)hα(v1)/L,
(B.7)
thus
F1,1(u1; v1) = t(v1; u1)p
′(v1)hα(v1). (B.8)
For case b = 2, a = 0 we have similarly
F0,2(∅, v¯)ρ(∅;∅) + F0,1ρ(∅; v1)ρ(∅; v2) = ρ(∅; v¯) [hα(v1) + hα(v2)] /L, (B.9)
F0,2(∅; v¯) = 0. (B.10)
And for case b = 2, a = 1
F1,2(u1, v¯) + F1,1(u1; v1)ρ(∅; v2) + F1,1(u1; v2)ρ(∅; v1)
+F1,1(∅; v2)ρ(u1; v1) + F1,1(∅; v1)ρ(u1; v2) = ρ(u1; v¯) [hα(v1) + hα(v2)] /L.
(B.11)
Substituting in the last expression
ρ(u1, v¯) = p
′(v1)p
′(v2)L
2 (t(v1, u1) + t(v2, u1)) + t(v¯, u1)L (p
′(v1) + p
′(v2)) , (B.12)
we obtain
F1,2(u1; v¯) = t(v¯, u1) (p
′(v1) + p
′(v2)) (hα(v1) + hα(v2)) . (B.13)
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Continuing this line of argument every symmetric form factor can be expressed using the charge
eigenvalues, the kernel t(u, v) and some graph theoretical tools. This leads to a generalization of
the graph theoretical results of [64] to nested Bethe Ansatz systems. However, further details of
this computation are not important for our present purposes.
Nevertheless we remark that it is also possible to find the symmetric form factors of the current
operators, which describe the flow of the charges. This too can be done using the methods of [64].
The resulting form factors could be used to give an alternative proof of the current mean values
in nested systems, first found in [84]. However, this is beyond the scope of the present paper, and
we do not pursue it.
Instead, let us construct a check of the above formulas, in the the case of the density operators
q↓(x). Taking the first derivative of (5.1) w.r.t. α1, and taking into account that Θ
α=0
a,b = δ0,aδ0,b
we obtain the off-diagonal form factors
〈u¯C; v¯C|q↓(x)|u¯
B, ; v¯B〉 =
∂
∂x
∂
∂α1
〈u¯C, v¯C| exp
(
αQ(1)
)
|u¯B, v¯B〉
∣∣∣∣
α=0
=
=
∂
∂x
(
ℓ1(u¯
C)ℓ3(v¯
B)
ℓ1(u¯B)ℓ3(v¯C)
− 1
)
∂
∂α1
Θα=0a,b (u¯
B; u¯C|v¯B; v¯C) ,
(B.14)
where notation exp
(
αQ(1)
)
is the same as in 5.1, and Θαa,b is given explicitly by (5.10). Applying
the symmetric limit (see 5.3) we can reproduce (B.6), (B.8), (B.13). This confirms the expansion
theorem (2.6) for the specific charge operators.
B.2 Connected series
Applying (B.2) to (3.39) we can compute connected form factor using the recurrence proce-
dure similar to used in (B.1). Consider again model related to algebra symmetry gl(2|1) with
∂v log r3(v) = ip
′L, and r1 = 1.
For case a = 0, b = 1 the equation is trivial
1
L
hα(v1)ρ(∅; v1) = F
c(∅; v1), (B.15)
and we immediately obtain Fc(∅; v1) = p
′(v1)hα(v1). In case b = 1, a = 1
1
L
hα(v1)ρ(u1; v1) = F
c(u1, v1) + F
c(∅; v1)ρ¯(u1|v1). (B.16)
It is easy to check that second term in the r.h.s. exactly equal to l.h.s., thus Fc(u1, v1) = 0. Case
b = 1, a = 2 is given by
1
L
hα(v1)ρ(u¯; v1) = F
c(u¯; v1) + F
c(∅; v1)ρ¯(u¯|v1). (B.17)
Again, the second term in the r.h.s. is equal to
p′(v1)hα(v1) {t(v1, u1)t(v1, u2)−K(u1, u2) (t(v1, u1) + t(v1, u2))} (B.18)
and it coincides with the l.h.s. of (B.17), thus Fc(u¯; v1) = 0. Continuing this procedure it is easy
to check that Fc(u¯; v) = 0 for the case #u¯ ≥ 1.
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In a case b = 2, a = 0 we have
ρ(∅; v¯)
hα(v1)hα(v2)
L
= Fc(∅; v¯) + Fc(∅; v1)ρ¯(v2|v1) + F
c(∅; v1)ρ¯(v1|v2), (B.19)
taking into account that ρ(∅; v¯) = L2hα(v1)hα(v2) and using results of (B.15)–(B.17) it is easy to
obtain that Fc(∅; v¯) = 0.
In case b = 2, a = 1 we have
ρ(u1; v¯)
hα(v1) + hα(v2)
L
= Fc(u1; v¯) + F
c(∅; v1)ρ¯(u1; v2|v1) + F
c(∅; v2)ρ¯(u1; v1|v2), (B.20)
and using (B.12) and ρ¯(u1; v1|v2) = p′(v1)L[t(v1, u1) + t(v2, u1)] + t(v1, u1)t(v2, u2) we arrive at
Fc(u1; v¯) = t(v1, u1)t(v2, u1) [p
′(v1)hα(v2) + p
′(v2)hα(v1)] . (B.21)
Continuing a similar procedure we can calculate further Fc and even establish a general graph
rule, similarly to case of symmetric form factors [64]. Again using (B.14) and applying to this
formula corresponding symmetric limit (3.37) we can easily reproduce results that follow from
(B.15)–(B.20). This confirms the expansion (3.39) for the charge operator.
C Appendix
Correlation function of densities in the Lieb-Liniger model was computed in [1, 3].
〈q(x)q(0)〉 =
Q2
π2
+
4Q3
cπ3
−
(
1 +
2
c
∂
∂xr
)
sin2(Qxr)
π2x2r
−
8Q
πc
sin2(Qx)
π2x2
+
16
c
∂
∂x
sin(Qx)
x
∫ Q
−Q
du
(2π)3
sin(ux) ln
(
Q + u
Q− u
)
+O(Q2/c2),
(C.1)
with xr = x(1 + 2Q/πc).
Here we reproduce this result using LM-theorem. The Lieb-Liniger model is related to the
algebra symmetry gl(2). Using (4.15) and (5.4) we arrive at
〈q(x)q(0)〉 =
1
2
∂2
∂x2
∞∑
k=0
1
k!
∫ Q
−Q
dt¯
(2π)k
ω(t¯)Ik(t¯), ω(u) =
1
c
exp
(
−
1
2πc
∫ Q
−Q
K(u, x)dx
)
, (C.2)
where Ik are irreducible parts for algebra symmetry gl(2) related models and ω is a weight function.
Oscillating parts of symmetric form factor in the algebra symmetry gl(2) related models are
I2(u¯) = A
1
2 (u1, u2) (ℓ1(u1)/ℓ1(u2)− 1) +A
1
2 (u2, u1) (ℓ1(u2)/ℓ1(u1)− 1) ,
I3(u¯) =
∑
P
A13 (up1, up2, up3) (ℓ1(u¯p1)/ℓ1(u¯p2)− 1) + x
∑
P
A˜13(up1, up2)ℓ1(up1)/ℓ1(up2),
(C.3)
where ℓ1(u) = iLx in the Lieb-Liniger gas and we denote Fourier coefficients of the symmetric
form factors as Akn. The sum is taken over all permutations P of spectral parameters {u1, u2, u3}.
A12(u1, u2) = 2g
2(u1, u2)
(
1 +
2u12
ic
)
+O(c1),
A13(u1, u2, u3) = −8g
2(u1, u2)
(
u32
u31
+
u31
u32
)
+O(c1), A˜13(u1, u2) = 4icg(u1, u2).
(C.4)
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Total F are
F2(u¯) =
∂2
∂x2
I2 + 4c
2 +O(c1), F3(u¯) =
∂2
∂x2
I3 + 16 · 3!c
2 +O(c1). (C.5)
We denote n-particle contributions as Γn and take into account terms up to the order O(c
−1).
In the two-particles contribution we should take into account factor ω(u) = c−1 exp(−4Q/(πc)) +
O(c−2). We compute the oscillating parts separately
Γ2 = 2
∫ Q
−Q
∫ Q
−Q
du1du2
(2π)22 · 2!
[
eiu12x
(
1 +
2u12
ic
)
+ eiu21x
(
1 +
2u21
ic
)]
e−
4Q
pic
= −
(
1 +
2
c
∂
∂x
)
sin2(Qx)
π2x2
+
4Q
πc
sin2(Qx)
π2x2
+O(c−2).
(C.6)
In the same way we calculate the three particle contributions that have order 1/c
Γ3 = −
8Q
cπ3
sin2(Qx)
x2
+
2
c
∂
∂x
[
sin(Qx)
∫ Q
−Q
du
(2π)3
sin(ux) ln
(
Q+ u
Q− u
)]
+O(c−2),
Γ˜3 = −
4Q
π3c
sin2(Qx)
x2
−
2Qx
c
∂
∂x
sin2(Qx)
π3x2c
+O(c−2).
(C.7)
Collecting (C.6) and (C.7) and expanding xr in the oscillating part of (C.1) up to 1/c it is easy to
convince that oscillating part is reproduced form LM-series. Finally, the constant parts coming
from the 2- and 3-particle contributions are
Q2
π2
+
4Q3
cπ3
, (C.8)
that exactly coincides with the constant term in (C.1).
References
[1] A. G. Izergin and V. E. Korepin, “The quantum inverse scattering method approach to
correlation functions,” Comm. Math. Phys. 94 (1984) 67.
[2] A. G. Izergin and V. E. Korepin, “Correlation functions for the Heisenberg
XXZ-antiferromagnet,” Comm. Math. Phys. 99 (1985) 271.
[3] V. E. Korepin, “Correlation functions of the one-dimensional Bose gas in the repulsive
case,” Comm. Math. Phys. 94 (1984) 93.
[4] D. B. Creamer, H. B. Thacker, and D. Wilkinson, “Some exact results for the two-point
function of an integrable quantum field theory,” Phys. Rev. D 23 (1981) no. 12, 3081–3084.
[5] D. B. Creamer, H. B. Thacker, and D. Wilkinson, “A study of correlation functions for the
delta-function Bose gas,” Physica D 20 (1986) 155.
[6] J. Honerkamp, “An exploration of the correlation functions for finite temperature in the
non-linear Schro¨dinger equation model,” Nucl. Phys. B 190 (1981) no. 2, 301 – 315.
33
[7] V. E. Korepin and N. A. Slavnov, “Correlation function of currents in a one-dimensional
Bose gas,” Theor. Math. Phys. (1986) no. 68, 471–478.
[8] N. A. Slavnov, “Nonequal-time current correlation function in a one-dimensional Bose gas,”
Theor. Math. Phys. 82 (1990) 273–282.
[9] L. D. Faddeev, E. K. Sklyanin, and L. A. Takhtajan, “The quantum inverse problem
method. 1,” Theor. Math. Phys. 40 (1980) 688–706.
[10] P. P. Kulish, “Classical and quantum inverse problem method and generalized Bethe
ansatz,” Physica D 3 (1981) no. 1, 246 – 257.
[11] P. P. Kulish and N. Y. Reshetikhin, “GL(3)-invariant solutions of the Yang-Baxter equation
and associated quantum systems,” J. Sov. Math. (1982) no. 34, 1948–1971.
[12] P. P. Kulish and N. Y. Reshetikhin, “Diagonalisation of GL(N) invariant transfer matrices
and quantum N-wave system (Lee model),” J. Phys. A 16 (1983) no. 16, L591.
[13] N. Kitanine, J. M. Maillet, N. A. Slavnov, and V. Terras, “Spin-spin correlation functions of
the XXZ-1/2 Heisenberg chain in a magnetic field,” Nucl. Phys. B 641 (2002) 487–518,
arXiv:hep-th/0201045.
[14] N. Kitanine, J. M. Maillet, N. A. Slavnov, and V. Terras, “Master equation for spin spin
correlation functions of the XXZ chain,” Nucl. Phys. B 712 (2005) 600–622,
arXiv:hep-th/0406190.
[15] N. Kitanine, K. K. Kozlowski, J. M. Maillet, N. A. Slavnov, and V. Terras, “Algebraic
Bethe ansatz approach to the asymptotic behavior of correlation functions,” J. Stat. Mech.
4 (2009) 04003, arXiv:0808.0227 [math-ph].
[16] N. Kitanine, K. K. Kozlowski, J. M. Maillet, N. A. Slavnov, and V. Terras, “A form factor
approach to the asymptotic behavior of correlation functions in critical models,” J. Stat.
Mech. (2011) no. 12, 12010, arXiv:1110.0803 [hep-th].
[17] N. Kitanine, J. M. Maillet, and V. Terras, “Correlation functions of the XXZ Heisenberg
spin-1/2 chain in a magnetic field,” Nucl. Phys. B 567 (2000) no. 3, 554 – 582,
arXiv:math-ph/9907019.
[18] F. Go¨hmann, A. Klu¨mper, and A. Seel, “Integral representations for correlation functions of
the XXZ chain at finite temperature,” J. Phys. A 37 (2004) 7625–7651,
arXiv:hep-th/0405089.
[19] M. Dugave, F. Go¨hmann, and K. K. Kozlowski, “Thermal form factors of the XXZ chain
and the large-distance asymptotics of its temperature dependent correlation functions,” J.
Stat. Mech. (2013) no. 07, P07010, arXiv:1305.0118 [cond-mat.stat-mech].
[20] M. Dugave, F. Go¨hmann, and K. K. Kozlowski, “Low-temperature large-distance
asymptotics of the transversal two-point functions of the XXZ chain,” J. Stat. Mech. (2014)
no. 4, P04012, arXiv:1401.4132 [cond-mat.stat-mech].
34
[21] K. K. Kozlowski, J. M. Maillet, and N. A. Slavnov, “Long-distance behavior of temperature
correlation functions in the one-dimensional Bose gas,” J. Stat. Mech. 3 (2011) 18,
arXiv:1011.3149 [math-ph].
[22] K. K. Kozlowski, J. M. Maillet, and N. A. Slavnov, “Correlation functions for
one-dimensional bosons at low temperature,” J. Stat. Mech. 3 (2011) 19, arXiv:1102.1858
[math-ph].
[23] M. Dugave, F. Go¨hmann, K. K. Kozlowski, and J. Suzuki, “Low-temperature spectrum of
correlation lengths of the XXZ chain in the antiferromagnetic massive regime,” J. Phys. A
48 (2015) no. 33, 334001, arXiv:1504.07923 [cond-mat.stat-mech].
[24] M. Dugave, F. Go¨hmann, K. K. Kozlowski, and J. Suzuki, “On form-factor expansions for
the XXZ chain in the massive regime,” J. Stat. Mech. (2015) P05037, arXiv:1412.8217
[cond-mat.stat-mech].
[25] M. Dugave, F. Go¨hmann, K. K. Kozlowski, and J. Suzuki, “Thermal form factor approach
to the ground-state correlation functions of the XXZ chain in the antiferromagnetic massive
regime,” J. Phys. A 49 (2016) no. 39, 394001, arXiv:1605.07968 [cond-mat.stat-mech].
[26] N. Kitanine, J. M. Maillet, N. A. Slavnov, and V. Terras, “Dynamical correlation functions
of the XXZ spin- 1/2 chain,” Nucl. Phys. B 729 (2005) 558–580, arXiv:hep-th/0407108.
[27] N. Kitanine, K. K. Kozlowski, J. M. Maillet, N. A. Slavnov, and V. Terras, “Form factor
approach to dynamical correlation functions in critical models,” J. Stat. Mech. (2012)
no. 09, P09001, arXiv:1206.2630 [math-ph].
[28] K. K. Kozlowski and V. Terras, “Long-time and large-distance asymptotic behavior of the
current-current correlators in the non-linear Schro¨dinger model,” J. Stat. Mech. 9 (2011)
P09013, arXiv:1101.0844 [math-ph].
[29] F. Go¨hmann, M. Karbach, A. Klu¨mper, K. K. Kozlowski, and J. Suzuki, “Thermal
form-factor approach to dynamical correlation functions of integrable lattice models,” J.
Stat. Mech. 11 (2017) 113106, arXiv:1708.04062 [cond-mat.stat-mech].
[30] V. Korepin, N. Bogoliubov, and A. Izergin, Quantum inverse scattering method and
correlation functions. Cambridge University Press, 1993.
[31] M. Karowski and P. Weisz, “Exact form-factors in (1+1)-dimensional field theoretic models
with soliton behavior,” Nucl. Phys. B139 (1978) 455.
[32] F. A. Smirnov, “Form-factors in completely integrable models of quantum field theory,”
Adv. Ser. Math. Phys. 14 (1992) 1–208.
[33] A. B. Zamolodchikov, “Two point correlation function in scaling Lee-Yang model,” Nucl.
Phys. B 348 (1991) 619–641.
[34] G. Delfino, P. Simonetti, and J. L. Cardy, “Asymptotic factorisation of form factors in
two-dimensional quantum field theory,” Phys. Lett. B387 (1996) 327–333,
arXiv:hep-th/9607046.
35
[35] A. Leclair and G. Mussardo, “Finite temperature correlation functions in integrable QFT,”
Nucl. Phys. B 552 (1999) 624–642, arXiv:hep-th/9902075.
[36] H. Saleur, “A comment on finite temperature correlations in integrable QFT,” Nucl. Phys.
B 567 (2000) 602–610, arXiv:hep-th/9909019.
[37] O. A. Castro-Alvaredo and A. Fring, “Finite temperature correlation functions from form
factors,” Nucl. Phys. B 636 (2002) 611–631, arXiv:hep-th/0203130.
[38] B. Pozsgay and G. Takacs, “Form factor expansion for thermal correlators,” J. Stat. Mech.
11 (2010) 12, arXiv:1008.3810 [hep-th].
[39] B. Pozsgay and I. M. Sze´cse´nyi, “LeClair-Mussardo series for two-point functions in
Integrable QFT,” J. High Energy Phys. 5 (2018) 170, arXiv:1802.05890 [hep-th].
[40] M. Rigol, V. Dunjko, V. Yurovsky, and M. Olshanii, “Relaxation in a completely integrable
many-body quantum system: An ab initio study of the dynamics of the highly excited
states of 1D lattice hard-core bosons,” Phys. Rev. Lett. 98 (2007) no. 5, 050405,
arXiv:cond-mat/0604476.
[41] F. H. L. Essler and M. Fagotti, “Quench dynamics and relaxation in isolated integrable
quantum spin chains,” J. Stat. Mech. 6 (2016) 064002, arXiv:1603.06452
[cond-mat.quant-gas].
[42] E. Ilievski, J. De Nardis, B. Wouters, J.-S. Caux, F. H. L. Essler, and T. Prosen, “Complete
generalized Gibbs ensembles in an interacting theory,” Phys. Rev. Lett. 115 (2015) no. 15,
157201, arXiv:1507.02993 [quant-ph].
[43] B. Pozsgay, “Mean values of local operators in highly excited Bethe states,” J. Stat. Mech.
2011 P01011, arXiv:1009.4662 [hep-th].
[44] M. Mestya´n and B. Pozsgay, “Short distance correlators in the XXZ spin chain for arbitrary
string distributions,” J. Stat. Mech. 9 (2014) 20, arXiv:1405.0232
[cond-mat.stat-mech].
[45] O. A. Castro-Alvaredo, B. Doyon, and T. Yoshimura, “Emergent hydrodynamics in
integrable quantum systems out of equilibrium,” Phys. Rev. X 6 (2016) no. 4, 041065,
arXiv:1605.07331 [cond-mat.stat-mech].
[46] B. Bertini, M. Collura, J. De Nardis, and M. Fagotti, “Transport in out-of-equilibrium XXZ
chains: exact profiles of charges and currents,” Phys. Rev. Lett. 117 (2016) no. 20, 207201,
arXiv:1605.09790 [cond-mat.stat-mech].
[47] B. Doyon, “Exact large-scale correlations in integrable systems out of equilibrium,” SciPost
Physics 5 (2018) 054, arXiv:1711.04568 [math-ph].
[48] G. A. P. Ribeiro and A. Klu¨mper, “Correlation functions of the integrable SU(n) spin
chain,” J. Stat. Mech. 1 (2019) 013103, arXiv:1804.10169 [math-ph].
36
[49] H. Boos, A. Hutsalyuk, and K. S. Nirov, “On the calculation of the correlation functions of
the sl3-model by means of the reduced qKZ equation,” J. Phys. A 51 (2018) no. 44, 445202,
arXiv:1804.09756 [hep-th].
[50] G. A. P. Ribeiro, “Correlation functions of integrable O(n) spin chains,” arXiv:2005.09268
[math-ph].
[51] B. Pozsgay, W.-V. van Gerven Oei, and M. Kormos, “On form factors in nested Bethe
Ansatz systems,” J. Phys. A 45 (2012) 465007, arXiv:1204.4037 [cond-mat.stat-mech].
[52] M. Wheeler, “Scalar products in generalized models with SU(3)-symmetry,” Comm. Math.
Phys. 327 (2012) 737–777, arXiv:1204.2089 [math-ph].
[53] S. Belliard, S. Pakuliak, E. Ragoucy, and N. A. Slavnov, “Form factors in SU(3)-invariant
integrable models,” J. Stat. Mech. 1309 (2013) P04033, arXiv:1211.3968 [math-ph].
[54] S. Pakuliak, E. Ragoucy, and N. Slavnov, “Form factors in quantum integrable models with
GL(3)-invariant R-matrix,” Nucl. Phys. B 881 (2014) 343 – 368, arXiv:1312.1488
[math-ph].
[55] K. K. Kozlowski and E. Ragoucy, “Asymptotic behaviour of two-point functions in
multi-species models,” Nucl. Phys. B 906 (2016) 241288, arXiv:1601.04475 [nlin.SI].
[56] M. Gaudin, La fonction d’onde de Bethe. Paris: Masson, 1983.
[57] C. N. Yang, “Some exact results for the many-body problem in one dimension with
repulsive delta-function i nteraction,” Phys. Rev. Lett. 19 (1967) 1312–1315.
[58] B. Sutherland, “Further results for the many-body problem in one dimension,” Phys. Rev.
Lett. 20 (1968) 98–100.
[59] B. Sutherland, “Model for a multicomponent quantum system,” Phys. Rev. B 12 (1975)
no. 9, 3795–3805.
[60] J. B. McGuire, “Study of exactly soluble one dimensional N-body problems,” J. Math.
Phys. 5 (1964) no. 5, 622.
[61] M. Takahashi, “One-dimensional electron gas with delta-function interaction at finite
temperature,” Exactly solvable models of strongly correlated electrons. Series: Advanced
series in mathematical physics 18 (1994) 388–406.
[62] B. Pozsgay and G. Takacs, “Form factors in finite volume II: disconnected terms and finite
temperature correlators,” Nucl. Phys. B 788 (2008) 209–251, arXiv:0706.3605 [hep-th].
[63] L. Hollo, Y. Jiang, and A. Petrovskii, “Diagonal form factors and heavy-heavy-light
three-point functions at weak coupling,” JHEP 9 (2015) 125, arXiv:1504.07133 [hep-th].
[64] M. Borsi, B. Pozsgay, and L. Pristya´k, “Current operators in Bethe ansatz and generalized
hydrodynamics: An exact quantum/classical correspondence,” Phys. Rev. X 10 (2020)
011054, arXiv:1908.07320 [cond-mat.stat-mech].
37
[65] P. P. Kulish and E. K. Sklyanin, “Solutions of the Yang-Baxter equation,” J. Math. Sci.
(1982) no. 19, 1596–1620.
[66] P. Kulish and E. Sklyanin, “Quantum inverse scattering method and the Heisenberg
ferromagnet,” Phys. Lett. A 70 (1979) no. 5, 461 – 463.
[67] P. Kulish, “Integrable graded magnets,” J. Sov. Math. 35 (1986) 2648–2662.
[68] V. E. Korepin, “Calculation of norms of Bethe wave functions,” Comm. Math. Phys. 86
(1982) 391–418.
[69] A. Hutsalyuk, A. Liashyk, S. Z. Pakuliak, E. Ragoucy, and N. A. Slavnov, “Scalar products
of Bethe vectors in models with gl(2|1) symmetry 1. Super-analog of Reshetikhin formula,”
J. Phys. A (2016) no. 49, 454005, arXiv:1605.09189 [math-ph].
[70] J. Maillet and V. Terras, “On the quantum inverse scattering problem,” Nucl. Phys. B 575
(2000) no. 3, 627 – 644.
[71] F. Go¨hmann and V. E. Korepin, “Solution of the quantum inverse problem,” J. Phys. A 33
(2000) 1199–1220.
[72] A. Seel, T. Bhattacharyya, F. Go¨hmann, and A. Klu¨mper, “A note on the spin-1/2 XXZ
chain concerning its relation to the Bose gas,” J. Stat. Mech. 08 (2007) P08030,
arXiv:0705.3569 [cond-mat].
[73] B. Golzer and A. Holz, “The nonlinear Schrodinger model as a special continuum limit of
the anisotropic Heisenberg model,” J. Phys. A 08 (1987) no. 11, 3327–3338.
[74] B. Pozsgay, “Local correlations in the 1D Bose gas from a scaling limit of the XXZ chain,”
J. Stat. Mech. 11 (2011) 17, arXiv:1108.6224 [cond-mat.stat-mech].
[75] A. Hutsalyuk, A. Liashyk, S. Z. Pakuliak, E. Ragoucy, and N. A. Slavnov, “Multiple
Actions of the monodromy matrix in gl(2|1)-invariant integrable models,” SIGMA (2016)
099, arXiv:1605.06419 [math-ph].
[76] A. Hutsalyuk, A. Liashyk, S. Z. Pakuliak, E. Ragoucy, and N. A. Slavnov, “Scalar products
of Bethe vectors in models with gl(2|1) symmetry 2. Determinant representation,” J. Phys.
A 50 (2016) no. 3, 034004, arXiv:1606.03573 [math-ph].
[77] M. Kormos, G. Mussardo, and A. Trombettoni, “Expectation values in the Lieb-Liniger
Bose Gas,” Phys. Rev. Lett. 103 (2009) 210404, arXiv:0909.1336
[cond-mat.stat-mech].
[78] M. Kormos, G. Mussardo, and A. Trombettoni, “1D Lieb-Liniger Bose gas as
non-relativistic limit of the sinh-Gordon model,” Phys. Rev. A 81 (2010) 043606,
arXiv:0912.3502 [cond-mat.stat-mech].
[79] M. Takahashi, Thermodynamics of One-Dimensional Solvable Models. Cambridge
University Press, 1999.
38
[80] G. Fehe´r and G. Taka´cs, “Sine-Gordon form factors in finite volume,” Nuclear Physics B
852 (2011) 441–467, arXiv:1106.1901 [hep-th].
[81] A´. Hegedu¨s, “On the finite volume expectation values of local operators in the sine-Gordon
model,” Nucl. Phys. B948 (2019) 114749, arXiv:1901.01806 [hep-th].
[82] N. Kitanine, K. Kozlowski, J. M. Maillet, N. A. Slavnov, and V. Terras, “On correlation
functions of integrable models associated with the six-vertex R-matrix,” J. Stat. Mech.
(2007) P01022, arXiv:hep-th/0611142.
[83] B. Davies and V. E. Korepin, “Higher conservation laws for the quantum non-linear
Schroedinger equation,” arXiv:1109.6604 [math-ph].
[84] B. Pozsgay, “Current operators in integrable spin chains: lessons from long range
deformations,” SciPost Phys. 8 (2020) 016, arXiv:1910.12833 [cond-mat.stat-mech].
39
